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ON , Abstract. We deal with a class of abstract nonlinear stochastic models with multiplica- 

■ tive noise, which covers many 2D hydrodynamical models including the 2D Navier-Stokes 

equation, 2D MHD models and 2D magnetic Benard problems as well as some shell mod- 
els of turbulence. Our main result describes the support of the distribution of solutions. 
Both inclusions are proved by means of a general result of convergence in probability 
for non linear stochastic PDEs driven by a Hilbert-valued Brownian motion and some 
adapted finite dimensional approximation of this process. 
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1. Introduction 



Our goal in this paper is to continue the unified investigation of statistical properties 
of some stochastic 2D hydrodynamical models which started in our previous paper [6]. 
The model introduced there covers a wide class of mathematical coupled models from 2D 
fluid dynamics. This class includes the 2D Navier-Stokes equation, and also some other 
classes of two dimensional hydrodynamical models such as the magneto-hydrodynamic 
equation, the Boussinesq model for the Benard convection and the 2D magnetic Benard 
problem. We also cover the case of regular higher dimensional problems such as the 3D 
Leray a-model for the Navier-Stokes equation and some shell models of turbulence. For 
details we refer to [U Sect.2.1]. 

Our unified approach is based on an abstract stochastic evolution equation in some 
Hilbert space of the form 

o ; 

Q\ . d t u + Au + B(u,u) + R(u) = E(t,u)W, u\ t =o = £, (1.1) 

O ■ 

where W is a multiplicative noise white in time with spatial correlation. The hypotheses 
concerning the linear operator A, the bilinear mapping B and the operator R are stated 
below. These hypotheses guarantee unique solvability of problem 

For general abstract stochastic evolution equations in infinite dimensional spaces we 
refer to [8]. However the hypotheses in [8] do not cover our hydrodynamical type model. 
We also note that stochastic Navier-Stokes equations were studied by many authors (see, 
e.g., [H [HI EH [22] and the references therein). In [6] we prove existence, uniqueness and 
provide a priori estimates for a weak (variational) solution to the abstract problem of 
the form (|l.lj) . where the forcing term may also include a stochastic control term with a 
multiplicative coefficient. In all the concrete hydrodynamical examples mentioned above, 
the diffusion coefficient may contain a small multiple of the gradient of the solution. This 
result contains the corresponding existence and uniqueness theorems and a priori bounds 
for 2D Navier-Stokes equation, the Boussinesq model of the Benard convection, and also for 
the GOY and Sabra shell models of turbulence. Theorem 3.1 [6] generalizes the existence 
result for Boussinesq or MHD equations given in [10] or [3] to the case of multiplicative 
noise (see also [9] ) and also covers new situations such as the 2D magnetic Benard problem 
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or the 3D Leray a-model. Our main result in [6] is a Wentzell-Freidlin type large deviation 
principle (LDP) in an appropriate Polish space X for stochastic equations of the form 
(11. ip with a 6 := \fea as e — ► 0, which describes the exponential rate of convergence of 
the solution u := u e to the deterministic solution u . One of the key arguments is a time 
increment control which provides the weak convergence needed in order to prove the large 
deviations principle. We refer to [6] for detailed discussion and references. 

Another classical problem, where the lack of continuity of the solution as a function 
of the noise can be overcome by means of an appropriate drift correction, replacing the 
Ito integral by a Stratonovich one, is the Wong-Zakai characterization of the support of 
the distribution of the solution in the Polish space X where it lives. Our main result (see 
Theorem 13.11 below) provides this characterization for the abstract system (jl.ip and thus 
covers a wide class of hydro dynamical models. The approach used here is similar to that 
introduced in [H] and [15]; see also [13] and [1] where related results were obtained for 
diffusion processes and [2], [5] and [16], where a support theorem for the one-dimensional 
heat or Burgers equation, and for general mild solutions to semi-linear abstract parabolic 
equations was proven along the same line. As in [6], the control equation is needed with 
some control defined in terms of both an element of the Reproducing Kernel Hilbert Space 
of the driving Brownian motion and an adapted linear finite-dimensional approximation 
of the Brownian. For this class of control equations we first establish a Wong-Zakai 
type approximation theorem (see Theorem 14. ip . which, as we believe, has an independent 
interest. A key ingredient of the proof of this theorem is a time increment control with 
a better speed of convergence to zero than that needed in [6]. As in [15], since the 
linear interpolation is adapted and unlike in the original proof of [18], only one result of 
convergence in probability provides both inclusions needed to describe the support of the 
distribution. 

To our best knowledge there is only one publication related to the support character- 
ization of solutions to 2D hydrodynamical models. The short note [21], which states a 
characterization of the support for 2D Navier-Stokes equations with the Dirichlet bound- 
ary conditions, does not provide a detailed proof and refers to [20] concerning Wong-Zakai 
approximations. However, the argument used in [20] is incomplete and we were not able 
to fill the gaps. 

The paper is organized as follows. In Section [2] we recall the mathematical model intro- 
duced in [6]. In this section we also formulate our abstract hypotheses. The description 
of the support is stated in section [3] under some additional integrability property on the 
solution. In Section Owe formulate the Wong-Zakai type theorem, which is the main tool 
to characterize the support of the distribution of the solution to the stochastic hydrody- 
namical equations. We then show how the support characterization can be deduced. The 
proof of the convergence stated in Theorem 14. II is given in section [H It heavily depends on 
the time increment speed of convergence, which is proven in Section [5j In the appendix 
(see Section [7} we discuss with details the way our result can be applied to different classes 
of hydrodynamical models and give conditions which ensure that the solution fulfills the 
extra integrability assumption we have imposed. 



2. Description of the model 



2.1. Deterministic analog. Let (H, |.|) denote a separable Hilbert space, A be an (un- 
bounded) self-adjoint positive linear operator on H. Set V = Dom(A2). For v E V set 
1 1?; 1 1 = |^4.2?;|. Let V' denote the dual of V (with respect to the inner product (., .) of H). 
Thus we have the Gelfand triple V C H C V . Let (u, v) denote the duality between 
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u G V and v G V such that (u, v) = (it, u) for it G V, i> G -ff , and let S : F x V — > V' be 
a mapping satisfying the condition (B) given below. 

The goal of this paper is to study stochastic perturbations of the following abstract 
model in H 

d t u(t) + Au(t) + B(u(t),u(t)) +Ru(t) = f, (2.1) 

where R is a continuous operator in H. We assume that the mapping B : V x V — > V 
satisfies the following antisymmetry and bound conditions: 

Condition (B): 

(1) B : V X V — ► V is a bilinear continuous mapping. 

(2) Form eV,i = 1,2,3, 

(B(ui,u 2 ) , it 3 ) = - (B(ui,u 3 ) , it 2 ). (2.2) 

(3) There exists a Banach (interpolation) space 7i possessing the properties 

(i) V C H C H; 

(ii) there exists a constant ao > such that 

\\v\\n — a>o\v\ \\ v \\ f or an V v ^ V; (2.3) 
(Hi) for every n > there exists > such that 

\{B(ui,u 2 ) ,u 3 )\<rj \\u 3 \\ 2 + Crj HitiH^ \\u 2 \\n, for m G V, i = 1, 2,3. (2.4) 

Note (see [6j Remark 2.1]) that the upper estimate in (|2.4p can also be written in the 
following two equivalent forms: 

(Hi- a) there exist positive constants C\ and C 2 such that 

\{B(ui,u 2 ) , it 3 )| < Ci||it 3 || 2 + C 2 ||iti||^ \\u2\\n, for Ui G V, i = 1,2,3; (2.5) 

(iii-b) there exists a constant C > such that for itj G V, i = 1, 2, 3 we have: 

|(J3(«i,m 2 ) , «3)| = |(-E(«i,«3) , ""2)1 < C \\ui\\ H \\u 2 \\ \\u3\\ n - (2.6) 

For u G V set B(u) := B(u,u); with this notation, relations (|2.2p . (|2.3|) and (|2.6p yield 
for every ?y > the existence of C v > such that for u±,u 2 G V, 

|(£(m) ,u 2 )\< V |M| 2 + C„ |ni| 2 ||it 2 |&. (2.7) 

Relations 1)2.21) and (|2.7f) imply that for any r\ > there exists C,, > such that 

\(B(ui)-B(u 2 ) , ui-u 2 )\ = \ (B(ui -u 2 ),u 2 )| < 7/||ui -n 2 || 2 + C^ |iti -n 2 | 2 ||n 2 ||^ (2.8) 

for all iti, it 2 G V. As it was explained in [6] the main motivation for condition (B) is that 
it covers a wide class of 2D hydrodynamical models including Navier-Stokes equations, 
magneto-hydrodynamic equations, Boussinesq model for the Benard convection, magnetic 
Benard problem, 3D Leray a-model for Navier-Stokes equations, Shell models of turbu- 
lence (GOY, Sabra, and dyadic models). 

2.2. Noise. We will consider a stochastic external random force / in equation (|2.ip . driven 
by a Wiener process W and whose intensity may depend on the solution u. More precisely, 
let Q be a linear positive operator in the Hilbert space H which belongs to the trace class, 
and hence is compact. Let Hq = Q?H. Then Hq is a Hilbert space with the scalar product 

(0,i/Oo = (Q-^,Q-§</,), V0,VGF o , 

together with the induced norm | ■ |o = y/ ('> ')o- The embedding i : Hq — > H is Hilbert- 
Schmidt and hence compact, and moreover, i i* = Q. Let Lq = Lq{Hq,H) denote the 

space of linear operators 5 : Hq i— > H such that SQ? is a Hilbert-Schmidt operator from 
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H to H. The norm on the space Ln is defined by \S\\ = tr(SQS*), where S* is the 
adjoint operator of S. The Lg-norm can be also written in the form: 



\S\] 



tr([SQ 1/2 ][SQ 1/2 }*) = \SQ 1/2 A\ 2 = 52\[SQ 1/2 ]*A 



(2.9) 



k>l 



k>l 



for any orthonormal basis {ipk} m H. 

Let W(t) be a Wiener process defined on a probability space (fi,.F, P), taking values 
in H and with covariance operator Q. This means that W is Gaussian, has independent 
time increments and that for s,t > 0, f,g £ H, 

E(W(s),f) = and E(W(s),/)(FP r (t),5) = (sAi) (Qf,g)- 

We also have the representation 

W(t) = lim W n (i) in L 2 (Q;H) with W n (t) = V q] /2 (3 i {t)e j , (2.10) 

l<j<" 

where /3» are standard (scalar) mutually independent Wiener processes, {ej} is an or- 
thonormal basis in H consisting of eigen-elements of Q, with Qej = qjCj. For details 
concerning this Wiener process we refer to [8], for instance. Let (J-t,t > 0) denote the 
Brownian filtration, that is the smallest right-continuous complete filtration with respect 
to which (W(t),t > 0) is adapted. 

We now define some adapted approximations of the processes /3j and W. For all integers 
n > 1 and k = 0, 1, . . . , 2 n , set = kT2~ n and define step functions s n , s n , s n : [0, T] — > 
[0, T] by the formulas 

S n = t k , S n = t k -i V 0, S n = t k+ i for S G (2.11) 

It is clear that s n < s n < s n . Now we set (3™(s) = T~ 1 2 n ((3j(s n ) — (3j(s n )), for every 
s G [0, T], and thus we obtain an adapted approximation for f3j(s) given by the formula 



ff(s) = T~ 2 n \J3j(t k ) - Pjfa-t V 0)] , for s G [t k ,t k+1 [. 



(2.12) 



Clearly ^(s) = for s G [0,*i[ and /3?(s) = T-^fyfa) for s G [*i,* 2 [. We also let 



(2.13) 



l<j<" 

denote the corresponding finite-dimensional adapted approximation of W. 

Lemma 2.1. There exists an absolute constant > swc/i i/iai /or every a > ao/VT 
and t G [0, T] we have as n — > oo 



lim P sup sup /3"(s) 

n->oo \l<j< n s<t 

Proof. One can see that 



> a n 1 /2 2 «/2 



lim P sup 



W (s) 



Ho 



> an2a 



0. 



n n (t) 



sup sup 

l<j<n s<t 



^(s^an^/^C |J |J {|7f| > aT 1 ^ 1 / 2 } , 

l<j<n 0<fc<2™ 

where 7^ = T -1//2 2 n / 2 [/?j(£fc + i) — /3j(ifc)] are independent standard normal Gaussian ran- 
dom variables. Therefore, if a > VT~ 1 2 ln 2 we have 

P(fi„(t)) < n2 n P(| 7l °| > a^/Tn) = ' 



2-K JaVTn. 



e ~ z2 l 2 dz 
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< 



n 



a 



2nV2 



_ze z l 2 dz = — 



exp 



n[ -a 2 T/2 + ln2 



This proves the first convergence result. The second one follows immediately from the 
estimate 



sup 

s<t 



W (s. 



= sup y \fc 

Ho s<t,£-i I 3 

— l<j<n 



< n sup sup 

l<j<n s<t 



WW 



In the sequel, we will localize the processes using the following set: 



n n (t) 



sup sup 

j<n s<t 



< an l l 2 2 n ' 2 \ n 



sup 

s<t 



W (s) 



H 



< an2 n > 2 



□ 



(2.14) 



It is clear that O n (i) C O n (s) for t > s and £l n (t) G Tt- Furthermore, Lemma 1 2 . 1 1 implies 
that P (ft„(T) c ) -^Oasn^oo. 

For any n > 1, we introduce the following localized processes /3" and W": 



#(t) = /3™(t)ln„(t), j < n, W"(t) = W (t)l Qn{t) . 



(2.15) 



For all integers n and j = 1, • • • , n, (P?(t), < t < T) (resp. (IF n (i),0 < t < T)) are 
(^i)-adapted R (resp. -Ho) valued processes. 

2.3. Diffusion coefficients. We need below two diffusion coefficients a and a which 
map H into Lq(Hq, H). They are assumed to satisfy the following growth and Lipschitz 
conditions: 

Condition (S): The maps a, a belong to C(H; Lq(Hq, H)^) and satisfy: 

(1) There exist non-negative constants Ki and L such that for every u, v E H: 



k(«)lL + l*(«)lL < Ko + KiH 2 , 



\a(u) - o-(v)\ 2 Lq + \a(u) - a(v)\ 
(2) Moreover, for every N > 0, 



L < L\u-v\ 2 . 



lim sup \a(u) — a(u) o H n \ L 
n -*°°\u\<N 



(2.16) 
(2.17) 

(2.18) 



where H n : Hq — ► #0 denote the projector defined by H n u = Y^k=i { u > e fc) e fc> 
where {ek,k > 1} is i/ie orthonormal basis of H made by eig en- elements of the 
covariance operator Q and used in (|2.10p . 

Condition (DS): For every integer j > 1 let o~j,aj : H ^ H be defined by 

aj{u) = qy 2 a(u)ej , Vj{u) = q^ 2 er(ii)ej , \fu E H. (2-19) 

We assume that the maps aj are twice Frechet differentiable and satisfy 

(1) For every integer N > 1 there exist positive constants Cj(iV), i = 1,2,3 such that: 

(2.20) 



Ci(N) := sup sup \Daj{u)\ L m H ) < oo, 

j \u\<N 

C 2 (N) := sup sup \D 2 a j (u)\ L m xH m < oo, 

j \u\<N 

sup sup || [D&j (u)]*v || < C 3 (iV) 1 1 1 1 for every v £ V. 

j \u\<N 



(2.21) 
(2.22) 
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(2) For every integer n > 1, let the functions g n , g n : H i— ► H be defined by 

Qn(u) = Ddj(u) (Tj{u) , Q n (u) = D<jj(u)&j(u), Vu £ H, (2.23) 

where o~j and dj are given by (|2.19|) . For every integer N > 1 i/iere exist positive 
constants Kn,Cn such that: 

sup sup{|(? n (u)| + |£?„(u)|} < i?AT, (2.24) 

|u|<iV n 

SUp SUp{|p n (li) - Q n (v)\ + \Q n (u) - Q n {v)\] < C N \u - v\. (2.25) 

(3) Furthermore, there exist mappings g, g : H i— > H such that every integer N > 1 

lim sup {\g n {u) - g(u)\ + \g n (u) - g(u)\} = 0. (2.26) 
n ^°°\u\<N 

Remark 2.2. As a simple (non-trivial) example of diffusion coefficient a and a satisfying 
Conditions (S) and (DS), we can consider the case when a(u) is proportional to <r(it), 
i.e. &{u) = coo{u) for some constant cq and o~(u) is an affine function of u of the form: 

J>1 J">1 

where o"j(u) = <jfj + SjU, j = 1,2,.... Here gj G -ff satisfy X^>i bil 2 < 00 an d Sj : H \—> H 
are linear operators such that S 1 * : V i— ► V and Sj>i l^jlirn m su Pj>i \lcv,V) ^ 00 • 
For instance, in the case If = L2(D) and V = H 1 (D), where D is a bounded domain in 
M. d , our framework includes diffusion terms of the form 

a{u)dW{t)= fe(i) + ^(iWxpj(i), 

where <7j G LziD) and </>,• G C 1 {D), j = 1,2, ...,N are arbitrary functions. In this 
situation, another possibility to satisfy Conditions (S) and (DS) is 

o{u)dW{t)= Y, s&UjU^xfidfrit), 

where Sj : R h R are C 2 -functions such that s'j and s'- are bounded, and [lZju](x) = 
f D rj(x,y)u(y)dy with sufficiently smooth kernels rj(x,y). 

In order to define the sequence of processes u n converging to u in the Wong-Zakai 
approximation, we need a control term, that is a coefficient G of the process acting on an 
element of the RKHS of W. We impose that G and R satisfy the following: 
Condition (GR): Let G : H 1— > L(Hq,H) and R : H H satisfy the following growth 
and Lipschitz conditions: 

\G(u)\ 2 L(HotH) < Ko + KM 2 , \G(u)-G(v)\ 2 L(HotH) <L\u-v\ 2 , (2.27) 
\R(u)\ < Rq(1 + \u\), \R(u) -R(v)\ < Ri\u-v\, (2.28) 

for some nonnegative constants Ki, Ri, i = 0, 1, L and for every u,v G H (we can assume 
that Ki and L are the same constants as in (12. 16p and fj2. lTf) ). 



STOCHASTIC 2D HYDRO DYNAMICAL SYSTEMS 7 

2.4. Basic problem. Let X := C([0,T];H) n L 2 (0,T;V) denote the Banach space en- 
dowed with the norm defined by 

\\u\\ x = { sup \u(s)\ 2 + / \\u(s)\\ 2 ds} 2 . (2.29) 

0<s<T JO J 

The class A of admissible random shifts is the set of Ho— valued (J-i)— predictable stochas- 
tic processes h such that J Q |/i(s)|qc2s < oo, a.s. For any M > 0, let 

S M = |/i 6 L 2 (0,T;H ) : J |A(s)|gds < m}, 4 = {'iei: € S'm, a.s.}. (2.30) 

Assume that h G Am and £ G if is J^-measurable random element such that E|£| 4 < oo. 
Then under the conditions (B), (GR), (|2.16p and (|2.17p in (S), Theorem 3.1 [6] implies 
that there exists a unique (T-t)-predictable solution u G X to the stochastic problem: 

u(t) = £- I [Au(s) + B(u(s)) + R{u{s))]ds (2.31) 
Jo 



+ 



[ (a + a)(u(s))dW(s)+ [ G(u{s))h{s)ds, a.s. for all t G [0, T\. 
Jo Jo 



This solution is weak in the PDE sense and strong in the probabilistic meaning. Moreover, 
for this solution there exists a constant C := C(7Q, 7, Ri,T, M) such that for h G Am, 

e( sup \u(t)\ A + [ \\u(t)\\ 2 dt+ [ \\u(t)\\^dt) < C(1 + E\£\ A ). (2.32) 

^0<t<T Jo Jo ' 

2.5. Approximate problem. We also consider the evolution equation on the time in- 
terval [0,T\: 



u n (t) = e- / \Au n {s) + B(u n (s)) + R(u n (s))]ds + / a({u n (s))dW(s) (2.33) 
Jo Jo 

ft ft 1 ft 

+ / a{u n {s))W {s)ds- / (g+ -g)(u n {s))ds+ / G(u n {s))h{s)ds, a.s., 
Jo Jo 2 Jo 

where (i) is defined in (|2.13p . Let again h G Am, £ be Fo measurable such that 
E|£| 4 < +oo. Then Theorem 3.1 [6] shows that problem (12.33H has unique (.Fi)-predictable 
solution u n G X. This solution also satisfies (|2.32p . but the constant C in the right hand 
side depends on the constants 7Q, 7, Ri, T, M, and in addition, it may also depend on n. 

3. Support theorem 

We consider the following stochastic perturbation of the evolution equation (|2.ip : 

dU{t) + [AU(t)+B(U(t))+R(U{t))]dt = Z(U(t))dW(t), 17(0) = f G H, (3.1) 

where E G C(7f; Lq{Ho, H)) is such that conditions (S) and (DS) hold with a = a = S. 
Thus problem (|3.1|) is a special case of problem (|2.31|) . 

Let (j) G 7 2 (0, T; H ) and £>= = £> be defined by (I2T23D and (I2T261) with cr = a = 3. We 
also consider the following (deterministic) nonlinear PDE 

d t v${t)+Av${t)+B(v rl) {t))+R(v < t > (t))+-Q 3 (v <j> (t)) = E(t^(*))0(t), v^O) = £ G H. (3.2) 

If B(u) satisfies condition (B) and R : H ^ H possesses property (I2.28P we can use 
Theorem 3.1 in [6] to obtain the existence (and uniqueness) of the solution to (|3.2p in 
the space X = C ( [0, T] ; H) n L 2 (0, T; V ) . Let 

G 7 2 (0, T; 77))} Cl 
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Our main result is the following: 

Theorem 3.1. Let conditions (B) and (S) ; (DS) with a = a = H be in force. Assume 
that R : H H satisfies (|2.28p . Let U denote the solution to the stochastic evolution 
equation (|3.ip with deterministic initial data £ G H. Suppose that: 

(i) 1 1 — > \\U(t)\\i-i is continuous on [0, T] almost surely, 

(ii) there exists q > such that for any constant C > we have 

Efsup \\U(t)\\ q H ) <oo, (3.3) 

where tq '■= inf{i : sup s<t |[/(s)| 2 + f \\U(s)\\ 2 ds > C} AT is a stopping time. 

Then suppC/(-) = C, where C is the closure of C in X and supp[/(-) denotes the 
support of the distribution Po U , i.e., the support of the Borel measure on X defined by 
H(B) = F{u : U(-) G B} for any Borel subset B of X . 

This theorem is a consequence of the approximation Theorem 14.11 stated below and its 
proof is postponed to Section U after the statement of the Wong-Zakai approximation. 

Remark 3.2. Theorem 13.11 is conditional in the sense that it gives the description of the 
support of solutions which satisfy some additional conditions concerning their properties 
in the space 7i. We do not know whether these conditions can be derived from the basic 
requirements which we already have imposed on the model. We discuss this issue in the 
Appendix (see Section [7]), where we show that conditions (i) and (ii) in the statement of 
Theorem 13.11 hold for several important cases of hydrodynamical models, which include 
2D Navier-Stokes equations, 2D MHD equations and shell models of turbulence. 



4. Wong-Zakai type approximation theorem 

Let u and u n be solutions to (|2.3ip and (|2.33p respectively. The main result of this 
section proves that the X norm of the difference u n — u converges to in probability. This 
is the key point of the support characterization stated in section [3j 

Theorem 4.1. Let conditions (B) ; (S), (DS) and (GR) hold and h G L 2 ([0, T],H ). 
Let u be the solution to (|2.3ip and suppose that conditions (i) and (ii) of Theorem \3.1\ 
hold. For every integer n > 1 let u n be the solution to (|2.33j) . Then for every A > we 
have 

lim pf sup \u(t) -u n (t)\ 2 + / \\u(s) -u n (s)\\ 2 ds > x) = 0. (4.1) 
n->oo \ te[0)T ] J ) 

This convergence allows to deduce both inclusions characterizing the support of the 
distribution of the solution U to (|3.ip . Note that the convergence (|4.ip remains valid if 
one supposes that h G Am for some M > 0. 

Proof of Theorem 13.11 The argument is similar to that introduced in |15j . 

In the definition of the evolution equation (|2.33p let a = S, a = 0, G = 0. Then if Vh 

is the solution to (|3.2p . where <j> = W n is the (random) element of L 2 (0,T; Hq) defined 
by (|2.13p . then we have that u n = v~ for u n defined by (|2.33[) . Under this choice of a, 

a and G for the solution u to (|2.3ip . we obviously have that U(t) = u(t), where U solves 
(|3. 1 1) . Therefore the Wong-Zakai approximation stated in Theorem 14.11 implies that 

limP(||^ -J7||x>A) = for any A > 0, 

n W n 

where || • ||x is the norm defined by (12391) . Therefore Support(P o U" 1 ) C C. 
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Conversely, fix h G L 2 (0,T; Hq), let n > 1 be an integer, a = —a and G = a := S. Let 
T% : O -c n be defined by 

T£(w) = - VK n (u;) + / (4.2) 

j o 

Then for every fixed integer n > 1, by Girsanov's theorem there exists a probability 
Q^; < < P such that T% is a Qjj-Brownian motion with values in H and the same covariance 
operator Q. Indeed, the proof is easily decomposed in two steps, using Theorem 10.14 

and Proposition 10.17 in [8]. First, since (W t ,t G [0, T]) is i/o-valued and (^j)-adapted, 
we check that the following infinite dimensional version of the Benes criterion holds: for 

some 5 > we have that sup < s <T E(( exp(<5|W n (s)|o)) < +oo. This is a straightforward 
consequence of the inequality for some standard Gaussian random variable Z: 




< (E(exp(<5T- 1 2 n |Z| 2 ))) n < +oo 



for 5 > small enough. Therefore, the measure with density L\ = exp if W (s)dW(s) — 

\ Jo \W ( s )\o^ s ) w ith respect to P is a probability Qi << P, such that the process 

(Wi(s) := W(s) — W n (s),0 < s < t) is a Qi Brownian motion with values in H, and 
the same covariance operator Q. Then using once more these two results, since h G 

L 2 ([0,T],H ), the measure with density h\ = exp ( - J Q T h(s)dWi(s) - \ / Q T |/i(s)| 2 cfe) 

with respect to Qi is a probability Q2 << P, such that the process 

W 2 (t) = Wi(t)+ [ h{s)ds = W{t)-W n {t)+ [ h{s)ds 
Jo Jo 

is a //-valued Brownian motion under Q2, with covariance operator Q. Clearly Q^; = Q2- 
Let U denote the solution to f)3. 1 j) : then, since T% can be seen as a transformation of 
the standard Wiener space with Brownian motion W(t), we deduce that U(-)(T^(lo)) = 
u n (-){po) in distribution on [0, T\. Thus Theorem 14.11 implies that for every e > 0, 

limsu P P({o; : \\U(T%(u)) - v h \\ x < e}) > 0. 

n 

Let no > 1 be an integer such that 

®* ({cu : \\U(u) - v h \\ x < e}) = P({c : \\U(T*>(u)) - v h \\ x < e}) > 0. 
Since Q% « P, this implies P({w : \\U(u) - v h \\x < e) > which yields: 

Z C Support(Po U~ l ). 
This completes the proof of Theorem 13.11 

First step of the proof of the Wong-Zakai approximation Theorem 14.11 Let 

M > be such that h G Am- Without loss of generality we may and do assume in the 
sequel that < A < 1. Fix N > 1, m > 1 and A G]0, 1]. Let us introduce the following 
stopping times which will enable us to bound several norms for u and u n : 

= inf it > : sup \u(s)\ 2 + [ \\u(s)\\ 2 ds > n\ A T, 
se[o,t] Jo J 

= inf U > : sup \u{s) - u n {s)\ 2 + [ \\u(s) - u n (s)\\ 2 ds > \\ A T, 
se[o,t] •/ J 
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rP =inf it > : 



sup sup 

j<n se[0,t] 



V 



n 2 sup 
se[o,t] 



(s) 1 > m 1/2 2"/ 2 )AT, 



and 



= inf ft > : sup ||u(*)||« > m) A T. 
1 se[o,t] J 



In the sequel, the constants N and m will be chosen to make sure that, except on small 
sets, rff and t$ are equal to T; once this is done, only the dependence in n will be 
relevant. Thus once N and m have been chosen in terms of the limit process u, we let 

(4.3) 



T _ (1) a (2) » (3) » (4) 



One can see from the definition of rjy and 7H that 



sup (|u(s)| 2 V\u n (s)\ 2 ) + 
se[o,r n ] 



| U ( S )|| 2 V||n n ( S )|| 2 )d S <2(iV + l); (4.4) 



the definition of Tn yields 



sup 

S<T n 



sup I ^(s) I V n zsuplW^ (s) 



Ho 



< an l ' 2 2 n / 2 . 



Furthermore, the definition of Tm' implies 



(4.5) 



(4.6) 



sup ||u(s)||ft < m. 
se[o,r„] 

We use the following obvious properties; their standard proof is omitted. 

Lemma 4.2. Let ^(t) = ^f(u,t) be a random, a.s. continuous, nondecreasing process on 
the interval [0,T]. Let r A = inf{i > : > A} A T. Then 

P(*(T) > A) =P(^(r A ) > A). 

Let r* 6e a stopping time such that < t* < T and P(r* < T) < e. TTien 

P(*(T) > A) < P(^(r A A r*) > A) + e. 

Apply Lemma l4~2l with r* = rjy A Tn A fm and 



*(i)= sup |«(s) -u n (s)| 2 + / \\u(s)-u n (s)\\ 2 ds. 
se[o,t] jo 

Since a.s. u G C([0, T], iJ) and f Q T ||ii(s)|| 2 ds < +oo, the map ^ is a.s. continuous and 
{r. <T}C {r« < T} U {rW < T} U {r« < r«} 

cJ sup \u(s)\ 2 + [ " \\u(s)\\ 2 ds > N I U J sup > m I U ft n (T) c 



where £l n (t) is given by (|2.14j) . Therefore, by Chebyshov's inequality, from (12. 32ft and 
([3.3p we deduce that 

P(r* < T) < C\N~ l + C 2 {N)m~i + P(O n (T) c ) . 

Hence, given e > 0, one may choose N and then m large enough to have C\N~ l + 
C2{N)m~ q < |. Using Lemma 12.11 we deduce that there exists no > 1 such that for all 
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integers n > no, P(O n (T) c ) < |. Thus Lemma 14.21 shows that in order to prove (|4.ip in 
Theorem 14. H we only need to prove the following: Fix N, m > 0; for every A > 0, 

lim Pf sup \u(t) -u n (t)\ 2 + f " \\u(s) -u n (s)\\ 2 ds> x) = 0, (4.7) 
V te[0,r n ] Jo ' 

where r n is defined by (|4.3p . To check this convergence, it is sufficient to prove 
lim 

n— >oo 



E( sup -u n (t)| 2 ) +E / ||«(s) -u"(s)|| 2 ds] = 0. (4.8) 



The proof of this last convergence result is given in Section [6J It relies on some precise 
control of times increments which is proven in the next section. 

5. Time increments 

Let h G A.M) £ be an .Fo-measurable H- valued random variable such that E|£| 4 < oo 
and let u be the solution to (|2.3ip . For any integer N > 1 and i G [0, T] set 

Gjv(t) = { sup Hs)| < AT). (5.1) 

The following lemma refines the estimates proved in [B|, Lemma 4.3 and the ideas are 
similar; see also [9], Lemma 4.2. 

Proposition 5.1. Lei (j> n ,tp n '■ [0, 7 1 ] [0, T] 6e non- decreasing piecewise continuous 
functions such that 

V (s - k T2~ n ) < cf) n (s) < if> n ( 8 ) < (s + k 1 T2~ n ) A T (5.2) 

/or some integers ko,k\ > 0. Assume that h G .Am £ is a T^-measurable, H-valued 
random variable such that E|£| 4 < oo. Let Gj^(t) be given by (|5.ip and u be the solution 
to (|2.3ip . There exists a constant C(N,M,T) such that 

fT 

I n = M lQ N(Ms)) \u(^))-<M^)\ 2 ds<C(N,M,T)2- 3n / 4 (5.3) 

" 

for every n = 1,2,... 

Proof. We at first consider the case (j> n (s) = V (s — koT2~ n ) for some ko > 0; then 



J 

where tfc = koT2~ n and 

IL=E I KV>n(s)) - u(<^> n (s))| z (is. 



1 rt 



Therefore, using the definition (|5.ip one can see that 

J n < C NiT 2~ n + I' n . (5.4) 

Furthermore, Ito's formula yields 

\u(Ms)) ~ uiMs))] 2 = 2 (u(r)-u((j )n (s)),du(r))+ / \(a + *)(u(r))\ 2 L(J dr, 

J 4> n (s) J <f>n(s) 

so that I' n = J2i<i<6 !n,u where 

dsl G N & n (s)) / H r ) ~ <<t>n{s)), (a + a)(u(r))dW(r))), 
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In,2 = E( f dslQ N{ ^ {s)) r% + a){u{r))\l Q dr), 



'n,3 



2E 



<t>n(s) 

dsl G^M„(s)) / ( G ( U ( r )) h ( r ) ' U ( r ) - u On(s))) dr 

'<t>n{s) 

, rT Mj>n(s) 

" n ,4 = -2Ef / dsl dN ^ n(s)) {Au(r) , u{r) - u((j) n {s))) dr 

Jt kQ J<t> n {s) 

n ,B = -2E( / dsl^ ( W) T" ( } <i?(n(r)), «(r) - u(^(«))> dr), 

T (s) 

J n , B = -2E[ / dsl 



J<f>n{s) 

Clearly GN(tj} n (s)) C G7v(r) for r < ip n (s). This means that |u(r)| V |it(</> n (s))| < iV in 
the above integrals. We use this observation in the considerations below. 
The Burkholder-Davis-Gundy inequality and (|2.16p yield 

\In,i\ < 6 [ T dsE( \(a + a)(u(r))\l Q l dN[r) \u(r)-u(Ms))\ 2 dry 

Jtk Q K J(j> n (s) 

< ^2{K Q + K x Ni) FdsEf l* n{S l d , r) \u{r)-u(<t> n (s))\ 2 drY\ (5.5) 
This implies that 

\In,l\ <C N [ |Vn(s) " <^n(s)| 1/2 ds < C N Ty/ko + ktfS . (5.6) 



In a similar way using (|2.16p again we deduce that 

\In,2\ <C N [ |Vn(s) - ds < C N T(k + kl)2~ n . (5.7) 

Jo 

The growth condition (|2.27p yields 

rT /-Ms) fT p (s+kiT2- n ) AT 

\I n ,s\ <C N ds \h(r)\ dr < C N ds \h(r)\ dr, 

JO J<p n (s) Jo Jov(s-koT2- n ) 

and Fubini's theorem implies 

\I n ,3\ < C N [ T \h(r)\ dr2- n < C(N,T,M)2~ n . (5.8) 
J o 

Using Schwarz's inequality we deduce that 

In,4 < 2E( fdsl dN ,^, s)) r niS) dr[-\\u(r)\\ 2 + \\u(r)\\\\u(Mm\})- (5-9) 

Jtk J<l>n(s) 

The antisymmetry relation (|2.2p and inequality (|2.T[) yield 

|<fl(u(r)),«(r)-«(^(a)))| = |(fl(u(r)),u(&»(«)))| 

< l|| u (r)|| 2 + C| M (r)| 2 ||^ n ( S ))|^. 

Therefore, 

||u(r)|| 2 dr) 



\InM <E( / ^l gjv( ^ (s)) 



STOCHASTIC 2D HYDRO DYNAMICAL SYSTEMS 13 

+ 2CE( [ T dsl 5Ni ^ {s)) \\u(Ms))\\H r niS Ur)\ 2 dr). 
Using this inequality, (|5.9[) and (j2.3|) . we deduce: 

In,A+ T n,5<^ / lg^ ^ (g)) || u((f> n (s)) || 2 1 1p n (s) - (f> n (s) \ d S 
rT 

|4 



+ 



CnE / 1 G JV (^( s ))ll u (^™( s ))llw \^{s) - <M s )l ds 



<C(N,T)2~ n E f l 5jv(V)n(s)) ||^ n ( S ))|| 2 d S = C(iV,r)2-"E I \\u(s - t ko ) 
Jt ko Jt kQ 



ds. 



Hence, this last inequality and (|2.32p imply 

In A + In,5<C(N,T)2- n . (5.10) 
A similar easier computation based on the growth condition (|2.28p on R yields 

|/n,e| < 4RoN(l + N) [ T |Vn(s) - Ms)\ ds < C(T, N) (k + h) 2~ n . (5.11) 
Jo 

Thus by ([53]), (^5 ]) -(^5 |) . ((5TTUD and dEUJ, when cp n (s) = V (s - k T2~ n ) we obtain: 
I n =E f l gjvW)n(s)) |uty„(*)) - n(^ n ( S ))| 2 d S < C7(iV,M,r)2-"/ 2 . (5.12) 



In order to obtain (|5.3p . we need to improve the bound for I n> \ (see (|5.6p ). We make it 
using ()5.12p and we again assume at first that </> n (s) = V (s — koT2~ n ). Let us denote 
by Xi,n(s) = (s + (i + l)T2~ n ) ^ the step function defined with the help of relations (|2.1ip 
and set 

2<*»-) = / dsE l s \u(r) - u(Ms))\ 2 dr, 

Jt kQ Js+iT2~ n K ' 

f T-t kl r +(i+l)T2-* 
= dsE l s \u(r) - u(Ms))\ 2 dr. 

Jtk JXi,n(s) 

The inequality (|5.5p implies that 

I VI < C^v / daEf/ l gjv(r) |u(r)- U (^ n ( S ))| 2 dr) 2 

< C N>T 2- n + C N , T [ (^'- ) +^' +) )] 1/2 - (5-13) 

— fco<2<fcl 

For any r from the interval [s + iT2~ n , Xi,n(s))[ we have f n = Xi,n( s ))> therefore 



T-t fcl 



# -) < 2 / 1 E 



Xi,n(s) 



s+iT2"" M J 



2 



+T2 ~ ni G N{XtAs)) HxiAs)) - <Us))\ 

Thus, using Fubini's theorem and (|5.12p we can conclude that 

z£' - > < C(N,M,T)2- 3n/2 . 



11 



I. CHUESHOV AND A. MILLET 



Similarly 



2< i>+ ) < 2 / dsE 



i+(i+l)T2- n 

1 G N (r) l U ( r ) _ U fc«)| 2 dr 

*fe L - , Xi,n( s ) 

+r2- n l gjv(x . n(s)) | U (xi,„(s)) -n(0„( S ))| 2 ] < C(iV,Af,T)2- 3 -/ 2 . 

Hence (|5. 13[) implies I n> \ < C(N, M,T)2~ 3n ^ . This inequality and the above upper 
estimates for I n> i with i ^= 1 prove (|5.3p in the case ^n(s) = <f>* n (s) := V (s — koT2~ n ). In 
the general case, we can write 

W»( S )) - ^(</>n(s))| 2 
" 2 (^(iM*)) l U WV>W) " U (^n(s))| 2 + ^(^.W) K^( S )) " <<t>*n{ S ))\ 2 ) \ 

this concludes the proof of Proposition 15. II for functions 4> n and ip n which satisfy f)5.2j) . □ 

We also need a similar for the time increments of the approximate solutions u n . 

Proposition 5.2. Let <f> n ,ip n '■ [Oj^I l— * [0>^1 ^ e non- decreasing piecewise continuous 
functions such that condition (|5.2[) is satisfied for some positive integers ko and k\ . Fix 
M > 0, let h £ Am o-nd £ be a -measurable, H -valued random variable such that 
E|£| 4 < oo. Let u n be the solution to (pT33|) ; for N > set 

G%(t) = { sup \u n (s)\ < n\ n ( I \\u n {s)\\ 2 ds < n\ n O n (t), (5.14) 



.0<s<i J LJO 

where £l n (t) is defined in (|2.14p and lei r n 6e i/ie stopping time defined in (|4.3p . There 
exists a constant C(N, M, T) such that 

I n = E r l G ^ n (s)) KXMs)) - u n (Ms))\ 2 ds < C(N, Af,r)n 3 / 2 2~ 3 "/ 4 (5.15) 

" 

for every n = 1,2,... 

Proof. We use the same idea as in the proof of Proposition 15.11 and at first suppose that 
4>n{s) = V (s — koT2~ n ) for some ko > 0. Let tk = koT2~ n ; then we have 

L < C N , T 2- n + L' n , (5.16) 

where 

f-T n 

V n = E l G ^ n{s)) \u n (Ms))-u n (Ms))\ 2 ds. (5.17) 



k 

i2 ■ 



Ito's formula applied to |u n (.) — u n (t/> n (s))| implies that I' n = Y2i<i<6^n,ii where 



'n,l 



'n,2 



2E / dsl G n {fn{s)) / (u» - , ^"(rDdWW), 



2 



E / dsl G n (V)n(s)) / |a(u n (r))|£ Q( ir, 



r n>3 = 2E / dsl G u^ n{s)) U n {r)-u n {(f> n {s)),a{u n {r))W (r)) dr, 

JT„At kQ J<t>n{s) V 7 

T nA = 2E / dsl G n^ n{s)) I (u n (r)-u n (Ms)),G(u n (r))h(r))dr, 



'n,5 



'l~nAt feo J<t>n(s) 

2E / dal< 



[ GU^(s)) (u n (r) - u n (^ n (s)), (q+\q- R)(u n {r))) dr, 
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Infi = -2E/ dsl GWn{s)) {u n (r)-u n {Ms)),Au n (r) + B(u n {r)))dr. 

Jr n ht ko J <f>„(s) 

Estimates for I n ^, I nj 4, are obvious. Indeed, we can first extend outward integration 
to the time interval [tk Q , T] and then use the growth conditions (|2.16p , (|2.24j) and (|2.26p . 
This yields the estimate 

< C(N,T)2~ n , 1 = 2,4,5. (5.18) 

Note that (|5. 18j) holds as soon as < ip n (s) — 4> n (s) < C2~ n for some constant C > 0, and 
does not require the specific form of (fr n . Schwarz's inequality and Condition (B) imply 

-(u n (r) - u n (Ms)) , Au n (r) + B(u n (r))) < d|H0 n ( S ))|| 2 + C 2 \u{r)\ 2 \\u(<p n {s))" 1 

< C \\u(4> n (s))\\ 2 [l + |«(r)| 2 |u(^(*))| 
Therefore, if <f> n {s) = (s — tk ) V we deduce 

\In,e\<C(N,T)E dsl G n {Ms)) \\u n {4> n {s))\\ 2 dr 



21 



T n Aifc J<Pn(S) 
'■T„ 



[•Tn 

< C(N,T)2~ n E / l G n ^ n{s)) \\u n (s-t k0 )fds 

JT n /\t k() 

< C(N,T)2~ n E / \\u n (s)\\ 2 ds 

<C(N,T)2~ n E \\u n (s)\\ 2 ds < C{N,T)2~ n . (5.19) 
Jo 

Using (|4.3p and the upper bound of ip n (s) — 4> n {s) (and not the specific form of (f> n ), we 
deduce 

|/«,3| < C N n2~^E j " dsl GWn{s)) \u n {r) - u n (<f) n (s))\dr < C(T, N)n2~^ . (5.20) 

Since for s < t we have G^(t) C G^(s), the local property of stochastic integrals, the 
linear growth condition (|2,16p and Schwarz's inequality imply that 



\I n ,i\ < 2Vt[E / dsl 



X 



i>n(s)t\T n 2 

l G n (r) {a(u n (r)) , u n (r) - dW(r" 

4>n{s)hT n 



<2VT( fdsE r n(S \ G n (r) l [OiTn] (r)|a(u"(r))|l Q |n"(r)-^(0 n ( S ))| 2 dr) 5 (5.21) 

V JO J (f> n (s) 

<C(N,T)( ds / drY =C{N,T)2- n / 2 . (5.22) 



'0 J<j>n{s) 

The inequalities (pU6]) - ([5T22]) yield for cp n (s) = ( s -t ko )V 0: 



Tn 

E /. ^(iM*)) KftM*)) - ^ n (0n(s))|' ^ < C(JV, M, T)n2"^. (5.23) 



In order to obtain the final estimate in (|5.15p we need to improve the upper estimates 
of I nt i and In^- This can be done in a way similar to that used in the proof of previous 
Proposition. One can easily see that (|5.23p holds when <p n < ip n satisfy the assumptions 
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of the Proposition and 4> n is piece- wise constant. Then (I5.20P and Schwarz's inequality 
obviously imply that 

\In, 3 \ < CVn 3 / 2 2- 3 ™/ 4 . 

Thus, to conclude the proof we need to deal with the improvement of I n .\. Let the function 
4> n be piece-wise constant; then given r € [(f> n (s), ip n (s)], we have 4> n {s) G \ r — i2~ n : < 
i < ^o}- Therefore, using the inequality (|5.2ip . Fubini's theorem and (|5.23p applied with 
the functions <j)n.i( r ) = r — iT2~ n and ip n { r ) = r we deduce 

, l-Tn f (r+k T2-")AT 1 

|/„,l|<C(AT,r)( ^ E drl G . ir) \u n (Mr))-u n (Mr)))\ 2 ds) 2 
0<i<k ^° ^ r 

< (k + 1)1 C(N,M,T)nh~ 3n / 4 ; 

this concludes the proof of (|5.15p when cf) n is piece- wise constant. To deduce that this 
inequality holds for arbitrary functions <p n and tjj n satisfying (|5.2p . apply (|5.15p for 4> n {s) = 
(s — tk ) n and either ip n = 4> n or ip n = ip n ; this concludes the proof. □ 

Proposition 15.21 implies that 



E 



{K(s)-u n (s n )\ 2 + \u n (s)-u n (s n )\ 2 ) ds < C(T,iV,M)n 3 / 2 2- 3 ™/ 4 (5.24) 



where G^(t) is defined by (|5.14p . This is precisely what we need below. 

6. Proof of convergence result 

The aim of this section is to prove Theorem 14. lj in this section N and m are fixed. For 
every integer n > 1, r n is the stopping time defined by (j4.3h and we prove (|4.8p . In the 
estimates below, constants may change from line to line, but we indicate their dependence 
on parameters when it becomes important. /,From equations (|2.33[) and (|2.3ip we deduce: 

u n {t) - u{t) = - f \A[u n (s) - u(s)] + B(u n (s)) - B(u{s)) + R{u n {s)) - R{u(s))] ds 
Jo L - 1 

+ / [G(u n (s)) - G(u(s))]h(s) ds+ I [a((u n (s))-a(u(s))]dW(s) 
Jo Jo 

a(u n (s n ))W n (s)ds-a(u(s))dW(s) - J + ^)(u n (s)) ds 
+ 1 [a(u n (s))-a(u n (s n ))]W (s)ds. (6.1) 



+ 



Let t n and t n be defined by (12. lip , let S n denote projector in L 2 (0, T) on the subspace of 
step functions defined by 



(S n f)(t)=\T- 1 2 n J^ f(s)ds I • l]t n ,tn[(t) 

and let 5 n : L 2 (0, T) i-> L 2 (0, T) denote the shift operator defined by 

(6 n f)(t) = f((t + T2~ n )AT) for t £ [0,T]. 
Using (I2TT2"]) and (I2TT3"|) we deduce 

a(u n (s n ))W (s)ds = / £ n [(<yi[o, t] ) (s)a(u n (s n )) o n n ] dW(s). (6.2) 
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Hence 

ft r -i 

ds 



u n (t) - u(t) = - \A(u n {s) - u{s)) + B(u n (s)) - B(u(s)) + R(u n (s)) - R(u(s)) 
Jo L 

+ J [G(u n (s)) - G(u(s))] h(s) ds + J ([a + a] (u n (s)) -[a + a] (u(s))) dW(s) 



+ J [a(u n (s))-a(u n ( Sn ))]W (*)ds-j (6+^e)(u n (s))ds + J E n (s)dW(s), 
where 

S n ( S ) = £ n [(<M[o,t]) (a)*(« n GO) o n n ] - a(u n (s)). (6.3) 
Ito's formula implies that 

\u n {t) - u{t)\ 2 + 2 f\\u n {s) - u{s)\\ 2 ds = -2 f{B{u n {s)) - B(u{s)) , u n {s) - u{s)) ds 
Jo Jo 

+ 2 J o ( [G(u n (s)) - G(u(s))] h(s) - [R(u n (s)) - R(u{s))] , u n (s) - u(s)) ds 
+ 2 jf *( [a(u n (s)) - a(u n (s n ))] W \s) ~{q+\q) (u n (s)), u n (s) - u(s)) ds 



+ jf |E n (s)|| g ds + 2 jf (s n ( S )dW( S ),« n ( S )-«(s)), 
where 

E n (s) = E n ( S ) + (a + er) - (a + or) (u(s)). (6.4) 
Using (|2.15p and f|4.3j) . we have W n (s) = Wn( s ) on the se t { s < r n}; let 
4 0) (*)= [\xn(s)dW(s),u n (s)-u(s)), (6.5) 

JO 

^(t) = f \£n [(<M[o,t]) (^KUJ) o n n ] - a(n"( S ))|' ds, 
4 2) (0 = y* (W(*)) - a{u n (s n ))] W n {s) -{e+ \q) (u n (s)) , u n (s) - u(s)\ ds. 
The equation (|2.8p with r] = 1/2 and condition (GR) yield 

|u n (t A r„) - u{t A r n )| 2 + / \\u n {s) - u{s)\\ 2 ds < 2 Z«( t A r„) (6.6) 



0<i<2 



tAr n 



+2 J [2L + \/Z|/i(s)| + Rt + C 1/2 ||n(s)||^J |u n (s) - u(s)| 2 ds. 
For every integer n > 1 and every i G [0,T], set 

/•tAr n 

T n (t) = sup |u n (s)-u(s)| 2 + / |K(s) - u(s)|| 2 (is. (6.7) 

0<s<tAr n Jo 

Using (|4.6p and Gronwall's lemma we conclude that for all t G [0, T] 

lET n (i)<C ]T E( sup Z«(s) ). (6.8) 



0<i<2 



S<tAT n 
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6.1. Estimate for Z^ 1 • The Burkholder-Davies-Gundy inequality, equations (|6.3p . (jST 
and (|2.17p imply that for any n > there exists > such that 

E( sup Z(°)( S ) ) <3E / |^( S )- U ( S )| 2 |S n ( s )|| Q d S 
<3E sup |u n (s)-u(s)| / E„(a)|Lda 



S<tAT n 

rtAT n 



|Sn(s)|i Q ^ 

<rjET n (t) + 2C v EZ£ ) (tAT n ) + 4LC r) [ E\u n (s Ar n ) - u(s Ar n )\ 2 ds. 

Jo 

Thus if r] = 2, (16. 8p and Gronwall's lemma imply that for some constant C which does 
not depend on n, 

ET n (t)<c(E sup Z£\s)+E sup |Z^ 2) (s)|). (6.9) 

^ s<1At„ S<t/\T n ' 

6.2. Estimate of z£\ The convergence of Z^ is stated in the following assertion. 

Lemma 6.1. Fix M > 0, h £ .Aju and Ze£ Zn\t) be defined by (|6.5p ." i/ien /or /^ced 
and m we /iaue: 

lim e( sup zW(iA-r n f) =0. (6.10) 

n->oo V tg[0jT ] / 

Proof. For = 0, . . . , 2 n — 1 let Q n .k = {tk < t A r n < where as above we set 

tfe = kT2~ n . We consider Zn {t A r n ) separately on each set £l n ,k- 

We start with the case uj E fi nj fc for k > 2. Then (#nl[o,tAT„l) ( s ) = 1 f° r s — £fc-i an d 

rt/\T n 

4 1} (*Ar n ) = / |£: n [(«5 n [l [0iMrn] )( S )a(^(s re ))on n ]-a(n n ( S ))|' ds 
Jo y 

< £ / \£ n [a(u n (s n ))oU n }-a(u n (s))\ 2 LQ ds 

0<i<k~2 ^*! Ar « 

+2 / (|*K« B (&»)) o n n | 2 Q + \Hu n (s))\l Q ) ds. 

Thus using (|2.16p and (|4.4p we deduce that for some constant C = C{Kq, K\, N, T) which 
does not depend on n: 

zM(tAT n )<C2- n + / \~a(u n (s n ))oIi n -a(u n (s))\l Q ds 



0<i<k-2 

<C2~ n + 2T sup \a(u) oU n - a(u))\ 2 L 

|«|<2(JV+1) Q 



fH+xATn 

+ 2 \a(u n (ti))-a(u n (s))\l Q ds 

0<i<k-2 Jt ^ T ™ 

rtAr„ 

<C2~ n + 2T sup \a(u)oU n -a(u))\ 2 Ln + 2L \u n (sj - u n (s)| 2 ds 

\u\<2{N+l) Q Jo 

< C2- n + 2T sup \a(u) o n n , - <t(u))| 2 + 2L / "w (a) K(sJ - u n (s)| 2 ds, 
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where G^(s) is defined by (15. 14ft . Furthermore, given u S Cl nt i U £l Tli 2 we have: 

rt 2 AtATn . . 

z£Xt/\T n ) < 2 J (|aK(sj)on n |i Q + |aK( s ))|i Q )d s <C2" 

where C = C(Kq, K%, N, T) does not depend on n. This yields 



E( sup zfi(t AT n )) < C2~ n + 2T sup \a{u) o U n - d{u))\\ 
v te[o,T] 1 |u|<2(AT+l) Q 



+2LE^ Tn l G n (s) K( ln ) -u n ( S )| 2 ds; 
therefore, fllUOl) follows from (I2TT81) and (l5\24l . □ 
6.3. Estimate of Z^ 2) . 

6.3.1. Main splitting. The identities (pTi9j) . (|2T3j) and (|2T5j) yield 

z£\tf\T n ) = E / ([^K(s))-^(« n ( S n))]/3/( S ),u n ( S )-K S ))d S 

l<j<" 

((^+-^)(« n ( S )),«"( S )-n( S ))d S . (6.11) 

For every j = 1, • • • , n Taylor's formula implies that 

^K(s)) - ^(u"( Sn )) = Da,-K( Sn ))K( S ) - u>„)] 

+ jf (1 - vW(D 2 aj {u n (s n ) + /i[u n (s) - « n (s n )]) ; « n ( S ) - u n (s n ), u n {s) - u n {s n )), 

where (D 2 dj(v);vi,V2) denotes the value of the second Frechet derivative D 2 dj(v) on 
elements v\ and v^- Therefore condition (|2.2ip and the bound (|4.4[) imply that for every 
t€ [0,T], 

4 2) (* A th) < T «(^ 1) + Z { nXt) , (6-12) 



where 

T„(t,l) = C 2 (2iV + l) V / 

K,<« i0 

and 

rtATn 



\u n (s) - u n {s n )\ 2 l/j/V)! K( S ) - u( S )| tfo, 



ZP(t) = / piKW)K(s)-^y, u n (s)-u(s))f3 j n (s)ds 

i<i<« 

/■tAT„ , 1 \ 

-J {{q + 2 e) (« n to) , - «(*)) ds. (6.13) 

For G^-(t) defined by (|5.14|) . one has 

ftATn 

T n (t, 1) < C N / lo&M K( s ) - un ( s n)\ 2 \$j 001 W n (s) ~ u(s)\ ds. 

1<?<" 

Therefore, (|4.3p . the inequalities (|4.5p and (|5.24p yield for some constant C := C(N, M,T) 



E( sup T n (i,l)) < CVn^E / 1 G « (s) \u n (s) - u n (s n )\ 2 ds < Cn z 2~^ . (6.14) 

V t6[0,T] ' JO N 
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'/OA 

To bound Z y n rewrite u n (s) - u n {s n ) in (OBI using the evolution equation (|2.33p . This 
yields the following decomposition: 



Z^{t)= T n(^ 



(6.15) 



2<i<6 



where 



l<?'<n* 
rtAr„ 



with 



T„(t,2) = J o {Da j (u n (s n ))l n (s, Sn )(3 :i n (s), U n (s)-u(s))ds 

((<? + ^)K(s)) , u n (*) - u(s))ds (6.16) 

/ s -on 
a(u n (r))VF {r)dr, (6.17) 
- n 

L»a i (u n (s n ))[ I" Au n (r)dr]Pj n (8), u n {s) -u(a))d», 



o 

^n(^) ^n) 

fMr„ 



r„(t,3) = 


■ E 

l<j'<n 


T n (t,4) = 


- E 

l<j<n 


r n (t,5) = 




r„(t,6) = 


- E 

l<j<n 



tAr n 



Da^isn)) / B(u n (r))dr (s) , u n (s) - u(s) )ds 



t/\T n 



Daj(u n {s n )) / G{u n (r))h(r)dr p j (s),u n (s)-u(s))ds 



tAT„ 



Daj(u n (s n )) / #(u n (r))dr pj (s) , u n (s) - u(s) ds 



with R(u) = R(u) + q(u) + \q{u). The most difficult term to deal with is T n (t,2) and 
therefore we devote several separate subsections below to upper estimate it. Let us start 
with the easier case 3 < i < 6. 

6.3.2. Bound for T n (t,i), 3 < i < 6. By duality we obtain 



tAr„ 



(3 j n (s)( / A 1/2 u n (r)dr , A l/2 [Da j {u n {s n ))]*[u n {s) - u(s)])ds 



\Tn(t,3)\= ]T I 
l<?'<n 

Therefore, using ()2.22j) . (fO|) and ([45]) we deduce that for every t £ [0,T] 

HATn , rs 



r 

sup I T„(t, 3)1 < C 3 (2iV + 2)an 3 / 2 2 n / 2 / 
«e[o,t] jo 

For any ry > 0, Schwarz's inequality yields 



« n (r)||dr \\u n (s) -u(s)\\ds. 



sup |r n (t,3)| < 7] 

te[o,t] 



|u n (s)-n(s)rds + Cn d 



o 



Js„ 



u n (r)|| 2 drds. 



for some constant C := C(N,T,rj). Finally, Fubini's theorem and (|4.4p imply that 

E( sup |T n (t,3)|) <r ? T n (T)+C(iV,r,7 ? )n 3 2^. 
v te[o,T] 7 

Similarly, using (|2.6p and (|4.5p we obtain 

I ftAr n r- s 

\T n (t,4)\ = E 1/ &"(*)([/ B( U n (r))dr\,lD^(u n ( Sn ))]*K(.s)-u(s)])ds 

l<j<n ^° ^ Sn 



(6.18) 
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tAr„ 



<Cotn z l 2 2 n l 2 \ ds \\u n {r)\\ 2 n dr sup \\{Da j {u n {s n ))Y[u n {s)-u{s)}\\. 

JO Js n l<j<" 

Thus the inequalities (|2.22p . (|4.6p and (|4.4p yield that for some constant C := C(N, m,T): 

sup |r n (t,4)| J < C 3 (2N + 2)am 2 n?2-% / \\u n (s) - u(s)\\ ds < Cn?2~%. (6.19) 
te[o,T] ' Jo 

Using (pT20j) . (|Oj) and we deduce 

/•tATn , rs . 

|r„(t,5)| < Ci(2iV + 2)an 3 / 2 2"/ 2 / ( / |G(-u n (r))/i(r)| drj |tt n (s) - u(s)|ds. 
Therefore, (|2.27p . (jO]) and Fubini's theorem yield for some constant C := C(N,M,T) 

E( sup |T„(t,5)|) < C N n 3 / 2 2 n / 2 E H f \h{r)\drds < C n 3 ' 2 2~ n / 2 . (6.20) 
v te[o,T] ' Jo Js n 

Similarly, relying on <^M), ([238]) . (|43]) and flHD we deduce 

E( sup \T n (t,6)\) <C K ^ N r?l 2 2- n l 2 . (6.21) 
v te[o,T] ' 

Thus, collecting the relations in ()6.9j) (|6.21|) . and choosing rj > small enough in (|6.18p . 
we obtain the following assertion: 

Proposition 6.2. Let the assumptions of Theorem \4-l\ be satisfied, T n {t) be defined by 
(16.71); then we have: 



ET n (T) < j n (N, M,m,T) + CE ( sup \T n (t,2)\ 

v te[o,T] 

where lim n —, 00 'y n (N,M,m,T) = and T n (t,2) is defined by (|6.16p . 

6.3.3. Splitting of T n (t, 2). Let T n (t, 2) be defined by f)6. 16|) : then we have the following 
decomposition: 

T n (t,2) = S n(t>i)i (6-22) 
KK7 



where 



S„(t, 1) = X)/ ^"(s) ( J D^(u"( Sri ))X„( S , [u n (s) - u(s)\ - [u n (s n ) - u(s n )]\ds, 
j=r° 

/■*Ar„ , i 1 . 

5 n (t, 2) = - J (( e + -g) (u"( s )) - + («*(*)) , u"( s ) - u( s )J d s , 

y*Ar n , ^ ^ 

S n (t,3) = -J [{Qn+ ^Qn)(u n (s)) - (g n + -Qn)(u n (s n )),u n {s) - u(s)jds , 

/•iAT„ . . 

S n (t,4) = -J [{g n + ^Qn)(u n (s n )),[u n {s) - u{s)} - [u n {s n )-u{s n )]jds, 

[■tATn r-s 

S n (t,5)= Y, / ft ■ {s)[D~a j {u n {s n ))[ / [.(/(r))-^/^))]^) 



l<i<" 



+ / [a{u n (r)) - o(u n {s n ))\ W (r)dr\ , u n {s n ) - u(s n ))ds, 
S n (t,6) = J ( £ 4 n ( S ) J D^( U n ( Sn ))[aK( Sn ))(^( S ) - W(s n ))] - Q n {u n {s n )) , 
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u n (s n ) - u(s n ))ds, 



(6.23) 



tAT„ 



l<j<« 



S n (t,7)= / ( P 3 n (s)Da 3 {u n (s n )) a{u n {s n )){ / W (r)dr) - g n ( u n (s n )), 



l (s n ) - u(s n )Jds. 



(6.24) 



The most difficult terms to deal with are S n (t, 6) and S n (t, 7). We start with the simpler 
ones S n (t, i), i = 1, 5. 



6.3.4. Bound for S n (t, 1). Let l n (s, s n ) be defined in (16471) : using (12T20D . (IQl) and g3 
we obtain 

\S n (t, 1)| < C X (2N + 2) an 3 / 2 2"/ 2 / \l n (s, s n )\ (\u n (s) - u n (s n )\ + \u(s) - u(s n )\) ds. 



Thus for M n = Jo"(|^ n ( s ) ~~ ^ n (s n )| 2 + l u (s) — u ( s n)\ 2 ) ds, Schwarz's inequality yields 

1/2 



E( sup \S n (t,l)\) <C N n*l 2 2 n l 2 [EAg 1/2 E / | X n (s, s n )\ 2 ds 
v te[o,T] 7 io 



(6.25) 



Since 



EM n < E / W (a) (K(s) - u n (s n )| 2 + \u(s) - u(s n )\ 2 ) ds 



with G^(s) defined by (|5.14p . using (j 5 . 3 j) with </> n (s) = s n and ^(s) =swe deduce: 

E7V n < C(N, M, T) n 3/2 2~ 3n/4 . (6.26) 
Furthermore, the local property of the stochastic integral and (|4.5p yield 

2 



E 



JO 



ds 



C C 



C C 



T 



T 



E 



l G ^r)<?{u n {r))dW{r) 



+ E 



l G -(.r)v{u n {r))W n {r)dr 



E/ l G n (r) |a(^(r))|i Q dr + a 2 ^E / l G « (r) \a{u n {r))\i Q dr 
Thus by (|2.16p and the definition of the set G 7 ^(s) given in (|5.14p . we deduce: 

|2 J„ / nt AT Jl T rr\ „2 r, — n 



ds 
ds. 



E/ \I n (s,s n )\'ds<C(N,M,T)n 2 2- 
Jo 

Consequently the inequalities (|6.25p - f|6.27[) yield 

E( sup \S n {t,l)\) <C{N,M,T)n 13/4 2- 3n / 8 . 

6.3.5. Bound for S n (t, 2). The inequality (|4.4p implies that 

sup \S n (t,2)\ <C(N)T sup {\g n (u)- g{u)\ + \Q n (u)- g{u)\}. 

te[0,T] M<2(Af+l) 



(6.27) 



(6.28) 



Therefore, the locally uniform convergence (|2.26p of p n to p and p n to p respectively yields 

lim e( sup \S n (t,2)\) = 0. (6.29) 

n^oc \ te [ 0>T ] J 
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6.3.6. Bound for S n (t, 3). The local Lipschitz property (|2.25j) and (|4.4p imply 



2:-! 



\S n (t,3)\ <2C 2N+2 VWTT / \u n (s)-u n (s n )\ds 





r f Tn 

<C(N,T)[ j l G n W | u ™( s )-n"( Sn )| 2 ^ 
where G%{s) is defined by (l57L4"l) . Thus (IQ4"1) yields 

E( sup \S n (t,3)\) < C(N,M,T)n 3 / 4 2- 3 '^ 8 . 



1/2 



(6.30) 



6.3.7. Bound for S n (t,4). The local growth condition ([2T24"1) . relations (j5\3|) and ([Q4"|) . 
and also Schwarz's inequality imply 

E( sup |5„(t,4)|) <2K 2N+2 E r (\u n (s)-u n (.s n )\ + \u( S )-u(s n )\)ds 
K te[o,T] J Jo 



< 2K 2 n +2 vT 



E 



Ig&wKOO - u n {s n )\ 2 + l gjv(s) Ks) - u(a„)|' 



ds 



1/2 



< C(N,M,T) n 3 / 4 2" 3n / 8 . 



(6.31) 



6.3.8. Bound for S n (t,5). The local bound (|2.2U|) together with the inequalities 
and (f4"3j) yield 



\S n (t,S)\ < d{2N + 2)an 3/2 2 n/2 



[a(u n (r))-a(u n (s n ))}dW(r) 



+ 



[a(u n {r))-a(u n {s n ))} {r)dr\} 



ds. 



Using Schwarz's inequality, (|2.17p and (|4.5p . we deduce 



( sup \S n (t,5)\) <C N n 3 l 2 2 n l 2 \ f\ [ SATn i G n , r) [a(u n (r)) - a(u n (s n ))]dW(r) 

He[0,T] J JO Js n Ar n 



E 



ds 



+ a 2 n 2 2 n LE 



1/2 



\u n (r)-u n (s n )\dr 



ds 



T 



S/\T n 



<C N n 3 / 2 2 n / 2 VZ\ j dsE j l G » (r) \u n {r) -u n {s n )\ 2 dr 

, 1/2 



Sn/\T n 



+ a z n 2 TE ds \u n {r) - u n (s n )\ z dr 



sAr n 



S n f\Tn 



< C N n^ 2 2 n ' 2 y/Ul + a 2 n 2 T)^J dsE / 1 G „ (r) \u n (r) - u n (s n )\ 2 dr 

Fubini's theorem and (|5.24|) imply that 

E( sup \S n (t,5)\) < y/LC(N,T)n 5 / 2 2 n / 2 



1/2 



x (E / l GnNir) [\u n (r)-u n (r n )\ 2 + \u n (r)-u n (rJ\ 2 ]2T2- n dr / 

< C{N, M, T) n 13 / 4 2~ 3n / 8 . (6.32) 
Proposition 16.21 and the relations in (|6.28j) - (l6,32j) imply the following assertion: 
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Proposition 6.3. Let the assumptions of Theorem \4-l\ be satisfied and let T n (t) be defined 
by (|6.7p . - then we have: 



ET n (T) < 7* (iV, M, m, T) + CEI sup \S n (t,Q)\+ sup \S n (t,7)\), 

V tG[0,T] *6[0,T] 7 

where \im. n -^ 00 ^{N,M,m,T) = 0, S n (t,6) and S n (t,7) are defined by (16.23H and (16.241) . 

The upper estimates of S n (t,6) and S n (t, 7) are the key ingredients of the proof; they 
justify the drift correction term in the definition of u n . 

6.3.9. Bound for S n (t, 6). 

Lemma 6.4. Let the assumptions of Theorem \4-l\ be satisfied and S n (t,6) be given by 
(16.231) . Then there exists a constant C (N, T) such that 



e( sup \S n (t,6)\) < C(N,T)n2-% . 

M6[0,T] ' 



(6.33) 



Proof. For t G [0, T] set 

C^(a) = ^K(sn))(crK( Sn )) [W( S ) - ) , 

A n ( S ) = ( ^ Uf{ S ) - 6n (u n ( Sn )) , U n { Sn ) - u( Sn j) . 
l<j<n 

We also have an obvious decomposition 

E »?(')-&.(«"(-»))= E y « w ( s )' 

l<j<n l<i<3 

where ([27TU]) yields 

y«( S )= E Da j (u n (s n ))a(u n (s n ))[W(s)-W(s n )]l3 j n (s), 
l<i<n 

^ (2) (*) = E E^( un ( s «))^( un ( s «))^(^)-^( s ™)] 2"T- 1 [/? J UJ-/3 J ( Sn )] 
i<i<« 

^( S ) = E £>*i(u ft (Sn))Oj-(u*(*n)) ^T- 1 ^-^) - ^(s n )) 2 - 1 . 
l<j<n ^ 

The obvious identity 



■*"0<th} — l{s„<r n .} l{s„<r„<s} 

yields the following decomposition, where G^(t) is defined by (|5.14|) : 

rt/\T n 

S n (t,6) = / A n (s) l G%{Sn) ds = E - ^ 4) W> 



(6.34) 
(6.35) 



Ki<3 



where, 



l {s n <T n }^G" N (s n ){V^ ] (s) , u"(s n ) - w(s n )) ds, i = 1,2,3, 



^i 4) (*) = I l {s n <r n <s}^ N (s n )An(s)ds. 
J 



We note that Sn\t) = for every z = 1,2,3 and t < £2- 

Bound for . Set i_i = to = 0; using twice Schwarz's inequality, we deduce 



e( sup \s^(t)\) < e e r + v-i 



i-l<Tre<tfc+ 



i} i G^ r (s„) |A„(s)|ds 



0<fc<2" 



< 



( 2 £ 
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El 



{tfe<Tn<tfe + 



0<fc<2" 



a} 1/2 { E E(/ fc+1 i G ^)|A n ( s )|&) 2 } 



2-1 1/2 



0<fc<2™ 

1/2 



cV2{T2- n E j l G n {Sn) \A n (s)\ 2 d s y /2 . 

J 



Schwarz's inequality, (l2~16l) . (j2J0D , ([2^4]) and the definition (l5lil) of the set G n N (s n ) yield 

l G , (Sn) |A n ( S )| 2 < C(N)(l+ £ \W(s)-W(s n )\ \$ 3 n ( s )\) 2 

i<i<« 

< C(N)(l + n\W(s)-W(s n )\ 2 £ |/3/( S )| 2 ). 

l<i<" 

Therefore, Schwarz's inequality implies that for some constants C(N,T), c\,C2, one has: 



E sup \S n ' 
■te[o,T] 



<C(N,T)2^ 2 {l + n f [^\W(s) -W(s n )\t] 1/2 [nPr^)\ 4 ] 1/2 dsy^ 



i<?'<n 
T 2 1 1/2 



<C(iY,T)2-/ 2 {l + n 2 [ Cl — ] 



r -4 2 4n C2 



2? r 



l/ 2 1 1/2 



1 V' 2 n 

| < C(iY,T)n2^2. (6.36) 



y(l) 



Bound for S n ■ Using duality and Fubini's theorem, we can write 



l<J<n' 



X / ([D^(t 1 "(»„))<T(t 1 "(»„))] , (u"( s „)-t 1 ( s „)), £ iIV(r)) [ ! s 



l<j<n 



" v 



1 {Sn<T„}^G^(s n ) Pj (S) 



x [D~a j {u n {s n ))a{u n {s n ))Y (u n (s n ) - u(s n )) ds , dW(r)j . 

Since /3™(s) is Ts n = -7> n adapted for r < s < f n , the process Sn ^ is a martingale. There- 
fore, the Burkholder-Davies-Gundy and Schwarz inequalities, (j2. 16|) . (|2.20p and (|5.14p 
imply 

cT 



E( sup |5W(t)|)<coE{ / I Y, rhs n <r n} l G ^s n )$ 3 n {s) 

2 1 1/2 

x [Da 3 (u n (s n ))a(u n ( Sn ))]* (u n (s n ) - u(s n ))ds drj 



< 



< 



C(N,T) ^n~ j 

2 n/2 



T 



i<i<" 

rT 



L {Sn<T«} 1 G« r ( 



1/2 



C{N,T)^2~ n l 2 {j^dr E^ r "|4 n (s)| 2 ds} 1/2 < C(iV, T) n 2^'/ 2 . (6.37) 



l<i<n 



(2) 

Bound for S n . For j = 1, ■ • • ,n, I ^ j, i = 1, ■ ■ ■ , 2 n — 1, set 
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and for fc = 3, ■ • • ,2 n , let 

2<i<A; l<j'<n 

Then the random variable 3>j,z(i — 1) is .Ft^ measurable, and since for I ^ j the sigma- 
field Fti-i an d the random variables 0j(U) — /3j i ) and /3;(£j) — are independent, 

the process (Mfc,^-i fe ,2 < k < 2 n ) is a discrete martingale. Furthermore, for the cases 
(a) i < i' and Z' 7^ j', (b) i' < i and ! / j or (c) i = i' and (min(j, /), max(j, /)) 7^ 
(min(j', Z'), max(j', /')), one has 

- 1) - 1) - Afo-i)) (jSj(ti) - ftfe-i)) 

x {p v {t v ) - p v (U'-i)) {Pf{k') - /3;'(*<'-i))] = 0. 
Therefore, Schwarz's and Doob's inequalities yield 

E E E E (^( i - 1 ) 2 ) E (l^^)-^(^i)l 2 ) E (l^^)-^^-i)l 2 )- 

2<i<2 n l<j<n tyj 

Furthermore, using (I2.20|) . (I2.16|) and (|5.14)) we deduce that for every I 
E($ ii{ (« - l) 2 ) < qi d(Nf (K + K^ 2 ) (2N) 2 , 

which implies 

E( maxjM k \) <C(N,T)n2- n/2 . (6.38) 
A similar easier computation shows that 

E( max sup I V V$ 3 -, f (fc- l) 2 "^" ^ (ft fa) - Afa-l)) (ftfa) - &fa-i) ) 

V2<fe<2» ifc < t < tt+1 i i ^^ r / 



2<fc<2" 

l<j<n 



2\ 1 1/2 

,<D^(/€ - l){l3i(t k ) - th{fh-l))[PiW - PjVk-l) 

l<j<n ¥j 



l<j<n 
2<fc<2™ l<j<n i^i 

^{ E E — l) 2 )3E(|/5f z (*A ; ) — /3z(^_ 1 )| 2 )lE(| / 6f J (^) — ^ | 2 ) } ' 



2<k<2 n l<j<n l^j 

<C(N,T)n2- n/2 . (6.39) 
Furthermore, 

E ( sup \S^(t)\) < E (sup sup \S^(t)\ ) 
ye[o,T] J \ k te[t k ,t k+1 ] J 

< ESU P | / l {sn<r n }^ N (s n )(VP(s),U n (s n )-u(s n ))di 

k - 3 2<i<k tl 

+ESUP SUp / l{ Sn < Tn } ,u n (s n ) - u(s n ))di 

k>2 L tG[t k ,t k+1 ] Jt k 
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This inequality, (|6.38p and (j6.39[) immediately yield 

E( sup |S< 2) |) < C(N,T)n2-%. (6.40) 

(3) 

Bound of Sn ■ The argument is similar to the previous one, based on a different 
discrete martingale. For i = 1, ■ • • , 2 n — 1, j = 1, ■ ■ ■ , n, set 

^■(i) = T2-™ (l^(^(^)^K(i;)) , u n (ti) - u(U)) hu<r n} ^(n)- 

Then $>j(i — 1) is J r t i _ 1 -measurable and independent of the centered random variable 
Yij = 2 n T~ 1 \(i j {t i ) - (3j{ti_i)\ 2 - 1. Furthermore, for / (i',f) one has 

E(*j(t - 1) $ jf (i' - 1) Y vr ) = 0. 

Using (I2T20D . (|2TT6|) and (I5TT41 . we deduce that for all E(|$ 3 -(i - 1)| 2 ) < CV, T 2- 2n . 
For fc = 2, • • • ,2 n , set 

^ = E E ^e- 1 )^-- 

2<i<k l<j<n 

The process (Nk,J~t k ) is a discrete martingale; thus Schwarz's and Doob's inequality yield 
E ( 2 f& |iVfe| ) <2{E(|JV2»| 2 )}* 

<2{ Y, E E (^( i - 1 ) 2 ) E (l^| 2 )} 5 <^T,7vn52-f. (6.41) 

2<i<2" l<j<n 

Finally, a similar argument shows that 

E( max sup |2"T _1 (t - V $Ak - l)Y ki ) 

V l<k<2 n t k <t<t k+ -, I / 



< ( E E | E 

l<fc<2" l<j'<n 



l<j<™ 
2\ 



^( E E E l^-Wil 2 ) 3 <C(iV,r)ni2-f. (6.42) 

l<fc<2" l<j<n 

The inequalities (|6.4ip and (|6.42j) imply that 

e( sup |5^ 3) |) < C(7V,T)n32-f . (6.43) 

Me[0,T] ' 

Using (|6.35p and collecting the upper estimates in (16, 35ft . (I6.37|) . (16,40p and (I6.43|) . we 
conclude the proof of Lemma 16.41 □ 

6.3.10. Bound for S n (t,7). 

Lemma 6.5. Let the assumptions of Theorem \4-l\ be satisfied and S n (t,7) be defined by 
(|6.24p . There exists a constant C (N, T) such that 

E( sup \S n {t,7)\) < C{N,T)n 2 2~% . (6.44) 
ne[o,T] ' 

Proof. For s G [0, T], j = 1, • • • , n, set 

Uf{s) = D^K( Sn ))[aK( Sn ))( [w n (r)dr)\ 

l<j<n 



2S 
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We obviously have that 



E Uf{s) - \~Sn{u n {s n )) = £ Wi*), 



Ki<3 



where 



K (1) 00= E ^•K(^))crK( Sn ))[^ n ( Sri )-w ri (( Sri -r2^)vo)]/3 i n ( s ) 



i<i<« 



)2n 



i<i<« ¥j 



K (3) (*) = E ^(« B W)^i(« n (*»)) 

l<j<n 



)2n 



J>2 



Using (|6.34p we deduce the following decomposition of S n (t, 7): 

»tf\T n 



rt/\T n 

S n (t,7) = / A n (s)ds = E ^(i) " S^(t) 

J ° Ki<3 



(6.45) 



where 



1 {sn<r n } 1 G%(s n ){V^Hs),u n (s n ) - u(s n ))ds, i = 1,2,3, 



l {s n <r n <s}^G" N (s n )^n(s)ds. 

We note that S% J (t) = for i = 1, 2, 3 and t < t 2 - 
Bound for S^f 1 . 
inequality implies 

E 



4 ^( 

Bound for . The proof is similar to that of the upper estimate of Sn^ . Schwarz's 



sup |5 n 4 )(t)|) < {2T2-" E E l G%{t k ) A n(s) 2 ds} 1 ' 2 . 



0<k<2 



The inequalities (|2TT6jh (|2T20jh (12341 . the definition (jUj]) of the set G%{s) and Schwarz's 
inequality yield for tj. < s < tk +2 : 



1 



A„(s) < C(iV) 1 + n 



TU (r)dr\ E 

l<i<n 



Therefore, Fubini's theorem and Schwarz's inequality imply 



E( sup \S™(t) 
■te[o,T] 



< C N)T 2- n/2 {T + n E E E 

l<j<n0<fc<2™ Jt k-1 



*fc+l 



TU (r)dr 



\Pj n (s)\ 2 ds} 



1/2 



< CAr iT 2- n / 2 {l + n2-" E E 



E 



< C NT 2~2 \ 1 + n2 



l<j<n0<fc<2™ 

E E [ 

l<j<n0<fc<2" 



tk+l 



w 



,n 2 /"*fc+i 



(r) dr / ' |/3/( S )| 2 d S l) 
Jt k 1} 



1/2 



ijt-iVO 



E|1U (r)|gdr 



E|/3/(s)| 4 dslH 2 . 
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Since for every s G [0,T] E\W (a)|J < C(T)n 4 2 2n and E|/3"(s)| 4 < C(T)2 2n , we deduce 
the existence of some constant C (N, T) such that 

E( sup |S< 4) (t)|) < C{N,T)n 2 2~ n l 2 . (6.46) 
Bound for Sn ■ For j = 1, n let 



= 1 K<r Il }lG^(, n )(^j(« n (ln))[^(w n U„))(W /; «Un) " ^W)] , ^(sj - U 

Then (fj(s) is ,F S measurable and for t > t2, 

4 1} (*)= £ / <PjWPM+ £ ^(i-T2-")2™r- 1 (i-tJ[/3 j aj-^(in)]. 

l<i<n 1 l<i<" 

For fixed j the process {^pj{t k ){f5j{t k+ \) — (3j(t k )) , < k < 2 n ) is a martingale increments. 
Therefore, the Burkholder and Schwarz inequalities, (|2.20p . (|2,16p and (|5.14p . yield 

E( sup \S n : 
v te[o,T] 

<c{e/ T £ ^(s) 2 d s y+CE( 1 ^ 2n M t k)\\P j (t k+1 )-P j (t k )\ 

l<j<n l<j<n ~ < 



< 



T N I 

2 



Cjv,t{™E y \W n (s n ) - W n {s n )\l ds} 
+ C N , T E[n E E l^(^)-^(t fc -i)|g|/?i(i fc +i)-/?i(i fc )| 2 } 5 

l<fc<2" l<j<n 

<CW,TV^[2-? + { E E E l^n(*fc)-^n(tfc-l)|oE|/9i(tfc+l)-^-(tfc)| 2 } 3 
l<j<n l<fc<2™ 

< C(iV,r)n2- n/2 . (6.47) 

~(2) 

Bound for S n ■ For i = 1, • • • , 2 n — 1, j = 1, • • • , n and Z 7^ j set 

$,-,(*) = 2 2 "T- 2 l {ti < rn} l G n (ti) ( J Da j (^(t i ))^(« n (ti)) , u n (U) ~ u(U)). 

Then is ^ measurable and since for Z 7^ j, .Ft^ , /3j(ij_i) and Pi(U)—Pi(U-i) 

are independent, if one sets Zjj(i) = (/3i(U) — f3i(ti-\)M[3j(ti) — f3j(ti-\), the following 
process (Mfe, 2 < k < 2 n ) is a (Ft fc ) centered martingale: 

^fc = E E E [ $3,1^ ^ZjA^ds 

2<i<k l<j<n tyj Jtl 
= T 2 2 -(l + 2n) £ £ E^^ 
2<i<fc l<j<n Z^j 

Furthermore, if i < i' and Z' 7^ j', ov i' < i and I ^ j, or i = i' and ( min(j, Z), max(j, Z)) 7^ 
( min(j', Z'), max(/, Z')) , one has 

E[% jt i(i - l)Z^(i)^ j>tV ^ - l)Z^ v {i')] = 0. 
Hence Doob's, Schwarz's inequalities together with (|2.20p . (|2.16p and (|5.14|) yield 

E( max \M k \Y <E( max I M k 1 2 ) < 4E (ML.) 

\2<k<2 n J \2<k<2 n J v y 
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< C T 2^ n E E E 0^ " l)l 3 )E(|A(* i ) - A(t 4 -i)| 2 )E(|/3i(^) - /^-i)| 2 ) 

2<i<2 n l<j<n l£j 

<C(N,T)n2~ n . (6.48) 
A computation similar to that performed in fj6.39j) proves that 

E( max sup &j i(k — l)(s — tk)Zj i(k)ds 

<r 2 2~ 2n { j2 E E 2-4 " 1 ^^* -1 )! 3 ) 

2<k<2 n l<j<n tyj 

x E(|A(t fc ) - /Si(**-i)| 2 )E(|/3j(<fc) - /?i(^i)| 2 )}' 
< C(N,T)n2~ n/2 . (6.49) 
The inequalities (|oTi5]> and (f6T4H yield 

E( sup |5^ 2) (t)|) < C(N,T)n2- n / 2 . (6.50) 

Me[o,T] ' 

Bound for Sn ■ Finally, for i = 1, • • • , 2 n — 1 and j = 1, . . . , n, set 



2 , wo / s „ , xn2 1 



Then the random variables and are independent, E(Zj(z)) = and E(Zj(i) 2 ) < 
C T 2-2n Furthermore, for + (i',f), E(* i (i)-Z'j(i)*j'(*')' Z i'(*')) = °- The Process 

defined for fc = 1, • • • , 2 n - 1 by N k = Yli<i<kYli<j<n^j( i ) Z j( i ) is a discrete (J^^J 
martingale. Doob's and Schwarz's inequalities, (|2.20p . (|2.16p and (|5.14p imply that 

E( sup |^ 3) (t)|) <Ef max \N k 



te[o,T] 



Kk<2 n 



max sup / w( s ~ ~ ~« 

i<fc<2 t k <t<t k+ , U--. Ju 11 z 



ds 



< CE(|aV-i| 2 P + f2 n n max max E($,(/c) 2 )E(Z 7 (fc) 2 ) V 

Vl 1 y V l<fc<2™ l<j<n v J y v J ' J 

1 

<C(n2 n max max E($ y (A:) 2 )E(Z ? -(A;) 2 ) V < C(AT, T) ni 2" t . (6.51) 

V 2<fc<2™ l<i<n v J ' v J '/ 

The relations in (|6.45p - (|6.5ip conclude the proof of Lemma 16.51 □ 

Now using Proposition 16.31 Lemmas 16.41 and 16.51 we obtain (|4.8|) : this completes the 
proof of Theorem 14.11 

7. Appendix 

We consider some additional properties of the solution to (|2.3ip . The aim of this section 
is to introduce some more properties on the coefficients a, a, G and R which will ensure 
that the property (|3.3[) holds. Let C denote a constant such that 



(7.1) 
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7.1. Exponential moments. 

Proposition 7.1. Let h(t) G Sm be deterministic, suppose that the operators G anda + a 
are uniformly bounded and that the linear growth of R is small enough, i.e., there exist 
positive constants Ko, Rq and Rq such that: 

\ G ( u )\l(H ,H) < K o, + *)(u)\l Q < K , \R(u)\ <R + Rq\u\ with R < C~ 2 (7.2) 

for every u G H. Let u(t) be the solution to (j2.31|) such that the initial condition has some 
exponential moment, i.e., E exp(ao|£| 2 ) < oo for some ao > 0. Then there exist constants 
a\ G]0, ao], /3(a) > and Cj > 0, i = 1, 2 such that for < a < a\ and t G [0, T]: 

Eexp (a\u(t)\ 2 + /3(a) J* \\u(s)\\ 2 ds^ < e Clt+C2M Eexp(a|£| 2 ). (7.3) 

The same estimate holds for Galerkin approximations u n of u with constants c\ , C2 which 
do not depend on n. 

Proof. Let a = a + a, ® (t) = exp (a\u(t)\ 2 ) and &(t) = ® (t) exp (ft J* \\u(s)\\ 2 ds^ . By 
Ito's formula we have for every t G [0, T\. 

d$(t) = [(3\\u(t)\\ 2 <I>o{t)dt + d$ (t)] ex p(/3^ \W(s)\\ 2 ds 

and 

d$o(t) = a$ (t) [2(u(t), du(t)) + |o-o(«(*))|i * + 2o|(75(«(t))«(t)|| ro cft 
Therefore, if 7(f) = 2a /*$(«) (u(s) , (T (u(s))dW(s)), 

d$(t) = $(t) [ - (2a - /3)||n(t)|| 2 + 2a( - + G(u(t))h(t),u(t)) + a|a (n(t))|| Q 

+2a 2 |CT*(n(t))n(t)| 2 7o ]^ + /(t). 

For any integer n > 1, let r n = inf{t : sup 0<s<t | | 2 + Jq \\u(s)\\ 2 ds > n} A T. Then we 
have E(I(t A r„) = for t G [0,T]. Since |u(t)| < C\\u(t)\\, if # from £L2]) is such that 
Rq < C~ 2 , for ct\ < ao small enough and < a < ao, we have 1 — (Rq + 2~ 1 aKo)C 2 > 0. 
For < (3 < [3(a) with (3(a) small enough, and for e small enough, Fubini's theorem 
implies: 



rt/\r n 

sup E$(s A r n ) < exp(a|£| 2 ) + E / $(s) [Ro^ 1 + ii" e" 1 |/i(s)lo + aK ] ds 

0<s<t Jo 

<exp(a|e| 2 )+ I E$(s A Tn^Roe" 1 + Koe- 1 ^)] 2 , + aK ] ds. 
Jo 

Since <!>(. A r n ) is bounded, Gronwall's lemma implies that there exist constants c±, C2 
depending on Ko, Ro and a such that for every t G [0, T], 

sup sup E$(t A r„) < exp(a|£| 2 ) exp(ciT + c 2 M). 

n 0<t<T 

Using (|2.32p and the monotone convergence theorem, we conclude the proof by letting 
n — > oo. □ 
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7.2. Properties in 7i. Now we are in position to state the conditions which guarantee 
the validity of conditions (i) and (ii) in Theorems 13.11 and 14.11 

Condition (BS+) Let condition (B) hold with U = L>o?n(A 1 / 4 ) and suppose that there 
exists a constant K > such that for u € Ti: 

\ A ^^ u )\l Q{Ho ,H) + \ a1 ^)\I q{ h ,h) < K(l + \\u\\ 2 n ). (7.4) 
Condition (GR1) There exist constants Kq and Rq such that for every u £ Ti: 

\ A ^ G ( u )\l(H ,H) < J? o(l + IMIw) , \a\r{u)\ < Rq(1 + \\u\\ H ) . (7.5) 

Proposition 7.2. Assume that conditions (BS+), (GR1), as well as (|2.16p and (|2.17p 

from condition (S) are satisfied. Let the hypotheses of Proposition 7.1 be in force and let 
u be the solution to (|2.3ip . Assume in addition that E||£||^ < oo. Then there exist q > 
and q* > such that 



E(esssup|Kt)||t) + E 

V [0,T] 7 



|A 3 / 4 n(r)| 2 dr 



o 



< oo. 



(7.6) 



Proof. We consider the Galerkin approximations u n and, to ease notations, we skip the 
index n. Let o~q = a + a and for t E [0, T] set 

I{t):= sup 2 / (Aia (u(r))dW(r) , A*u(r)) . 

0<s<t Jo 

Using Ito's formula for ||u(i)||^ = |A 1//4 u(t)| 2 and usual upper estimates, we deduce that 



s<t 



sup||u(a)|& + 2 / \A4 U (s)\ ds< UWii + 2 / |<S(u(a), ds 



+ J(i) + / 4K(1 + ||u(s)|&)ds + 2 f](-R(u(s)) + G(u(s))fc(s), yl 1/2 u(s))|(is. 
io Jo 

The inequality (|2.6p and condition (GR1) imply 

\(B(u,u),A^u)\ < Co\\u\\ n \\u\\\A 3 / 4 u\ < \A 3 / 4 u\ 2 + C 2 2" 2 ||u|&||u|| 2 , 
\(-R(u) + G(u)h, A l l 2 u)\ < co(l + |/ l | )(l + 
where cq depends on Kq and -Rq- Hence, for X(t) = sup{\\u(s)\\ 2 < : < s < t}, we deduce 



X(i) + / \A$ u(s)\ 2 ds < U\\ 2 n + I(t) + d + C 2 / [1 + 1/1(5)10 + 



X(s)ds, (7.7) 



where the constant c\ depends on K, Kq, Rq,T,M and c 2 depends on Kq and i?o- Gron- 
wall's lemma yields 

X(t) < [ Cl + ||e||^ + /(t)]exp( C2 ^[l + |^ S )| + H S )|| 2 ]d S ). 

This implies that for 5 > 0: 

E\X{t)\ 5 < C{M,T) [E(c 1 + ||e||^+/(t)) 25 ] 1/2 [Eexp(2c 2 (5^V(s)l| 2 ^ ^ lV2 

Thus Proposition 17.11 implies that for 5 small enough we have: 

K\X(t)\ s < C(M, T)E[ exp(2c 2 5|e| 2 ))] 1 [l + KUWli + EJ(t)] 1 . 
The Burkholder-Davies-Gundy inequality, relations (|7.4p and (|2.32j) yield 



EI(t) < 6E{ jT* (^/^(r)! 2 \A l / A [a + er](u(r))|£ g dr} 
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< 6E^4K J \\u(r)\\^{l + \\u(r)\\^) dr]' 2 < c 4 (T,K,C) . 



Thus there exists constants q > and c := c(K, T, M, C) such that 

sup EI sup ) = c < +00 

n>l ^0<s<T ' 



(71 



for the Galerkin approximations u n . As n — ► +00, after limit transition we deduce that 
the first term in the left hand-side of (17. 6ft is finite. 

To prove that the second term is finite as well, note that (|7.7p implies that for every n: 

[ \A'iu n (s)\ 2 ds< 0+11^ + 1 (t) + c 2 ess sup \\u n (s)\\ 2 n f [l + \h(s)\ 2 + \\u n {s)\\ 2 } ds. 

JO 0<s<T Jo 



Thus we can use (j7.8|) and complete the proof of (|7.6p by a similar argument. 
We prove that the process u solving (|2.3ip belongs to C([0,T],H) a.s. 



□ 



Proposition 7.3. Let the conditions of Proposition \7J^ be satisfied and let u be the solution 
to (|2.3ip . Then the process u belongs to C([0,T],7i) a.s. 

Proof. Let a = a+a; then for fixed 5 > 0, we have e~ SA u £ C([0, T],H). Indeed, fl73J) and 
(gJH) imply that E \A^ e - SA a (u(s))\ 2 LQ ds < +00, so that J* e- SA a (u(s)) dW{s) £ 
C([0, T],7i). Since for 5 > the operator e~ 5j4 maps if to V and V to we deduce that 
almost surely the maps A^ e~ 5A f*[B((u(s)) + R(u(s))] ds and A* e~ 6A / * /i(s) ds 

belong to C([0, T],TC). Therefore it is sufficient to prove that 



limE( sup \\u(t) - e~ SA u 

<5— *0 \Q<t<T 



(7.9) 



for some p > 0. Let T$ = Id — e SA and apply Ito's formula to ||T,$it(i)||;^. This yields 



\\T 5 u(t)\\H=\\ T sC\\n- 2 / |^«(s)| 2 <fc + 2J(t) + / \AiT s a (u(s))\ 2 d S 



[B(u{s)) + fl(«(s)) - G(u(s))h(s),A*Tfu(s)) ds, 



(7.10) 



where I(t) = f* (A$T s a {u(s))dW(s), A*T s u(s)) . The Burkholder-Davies-Gundy and 
Schwarz inequalities together with (|7.4h imply that for any p > 0: 



E sup |J(t)|f < C p e( [ \\T 5 u{s)\\ 2 H \A^T s a (u(s))\ 2 LQ ds 

0<t<T \Jo / 

< I Em^ \\T d u(t)\\% + ^E ^\AiT 5 a (u( S ))\ 2 LQ ds\ 
Hence (|7.10p yields for < p < 1 the existence of a constant c p such that 

rT , 



E sup \\Tsu(t)\\% < cp \\m\\% + E / \A*T s a (u(s))\i ds 



0<t<T 



+ E 



(B(u(s)) + R(u(s)) - G(u(s))h(s), A?T$u(s)) 



ds 



Since for every u £ H, \\Tsu\\n — ► as 5 — ► and sup^g — 1) we deduce that 

if {^fc} denotes an orthonormal basis in H, then \A^Tsao(u(s))Q 1 ^ 2 (pk\ 2 — ► for every fe 
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and almost every (oj,s) 6 $7 x [0,T]. Since sup5 >0 \\e SA \\l(h) < (|7.4j) implies 

sup |A*Tf<7 («)|L, < C(l + G L 1 ^ x [0, T]). 

<5>0 v 

Therefore, the Lebesgue dominated convergence theorem yields 



E 



r 

/ \AzT s a (u(s))\ 2 Lo ds -> as 5^0. 

JO 



Furthermore, using (12. 6p we deduce 

;B(u(s)),A33?«( a )) ds<C / T \\u( S )\\ H \Ms)\\\AiTi U (s)\ ds 

Jo 

- -I 1/2 r /"-^ 

< Cess sup ||u(s)||ft / ||-u(s)|| 2 ds / 

[0,T] L J0 J l Ji 



\A*Tlu{s)\ 2 ds 



1/2 



Thus, using Proposition 17.21 for p > small enough and Holder's inequality, we obtain 



E 



;B(u(«)),A32|«(5) 



ds 

T 



< c 



Eess sup ||"u(s)||^ 
[o,T] 



1/2 



E 



T 



*WII 2 d«) 



2p- 



Ef / \A*Tfu(8)\ 2 da) 



2p 







1/4 



< c 



E 



T 



|A4T?n(s)| 2 ds 



2p 



1/4 



1/4 



Given n G Dom(At) we have |^UT|u| — > as 5 — > while |A4T 2 u| < 2|^44u|. Hence the 
dominated convergence theorem yields E / (J3(«(a)), A5l|u(s)> ds -> as 5 -> 0. A 

similar argument can be applied to the term J Q 
Thus we obtain that (|7.9p holds with p > smal 



R(u(s)) - G(u(s))h(s),AiT 2 u(s) 
enough. 



ds. 

□ 



7.3. Examples of models. The properties above hold for several important cases which 
includes 2D Navier-Stokes equations and MHD equations in the periodic domains, as well 
as shell models of turbulence. For more details concerning the models mentioned in this 
section we refer to [6] and to the references therein. 

7.3.1. 2D Navier-Stokes equations in the periodic domains. In this case we have relation 
(B(u, u), Au) = ( see, e.g., [7]) which makes it possible to obtain the additional properties 
which are needed for Theorem 13. II to hold. These extra properties hold in a stronger form 
and do not require any additional hypotheses concerning the model. 



7.3.2. 2D Navier-Stokes equations and 2D Boussinesq model for the Benard convection 
with Dirichlet boundary conditions. In these cases the relation (B(u, u),Au) = is not 
true. However, we can use some results on interpolation of intersections (see |19j ) to obtain 
that Dom{A l l 4 ) C [L A {D)) 2 . This implies hypotheses (B) with H = Dom{A l / A ). Thus 
we can apply the above results proved in this Appendix. 



7.3.3. 2D MHD equations and 2D magnetic Benard problem in bounded domains. In this 
case, even in the periodic case, the relation (B(u, u), Au) = is not true. However a direct 
analysis based on results of interpolation of intersections (|19|) makes it possible to prove 
that DomiA 1 / 4 ) C [L A (D)} 2 . As above, we can apply Theorem 13.11 under the conditions 
imposed in this Appendix. 
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7.3.4. Shell models of turbulence. We can consider either the GOY model or the Sabra 
model, or else the so-called dyadic model. Since (see [61 Sect. 2. 1.6]) in all these models we 
have that 

\(B(u,v),w)\<C\u\\A 1 / 2 v\\w\, Vu,weH, Vi> G Dom(A 1 / 2 ). 

Thus condition (B) holds with H = Dom(A s ) for any choice of s £ [0, 1/4]. In particular 
we can choose 7i = H. In this case conditions (i) and (ii) in Theorem 13.11 trivially hold. 

Acknowledgements. This work was partially done in the fall 2007 while the authors 
were visiting the Mittag Leffler Institute, Sweden, which provided financial support. They 
would like to thank the center for excellent working conditions and a very friendly atmo- 
sphere. 

References 

[1] S. Aida, S. Kusuoka & D. Stroock, On the Support of Wiener Functionals, Asymptotic problems in 
probability theory: Wiener functionals and asymptotics, K.D. Elworthy and N. Ikeda (Eds.. Pitman 
Research Notes in Math. Series 284, Longman Scient & Tech. 1993, 3-34. 

[2] V. Bally, A. Millet & M. Sanz-Sole, Approximation and support theorem in Holder norm for parabolic 
stochastic partial differential equations, The Annals of Proba. 23 (1995), 178-222. 

[3] V. Barbu & G. Da Prato, Existence and ergodicity for the two-dimensional stochastic magneto- 
hydrodynamics equations. Appl. Math. Optim. 56(2) (2007), 145-168. 

[4] M. Capinsky & D. Gatarek, Stochastic equations in Hilbert space with application to Navier-Stokes 
equations in any dimension, J. Fund. Anal. 126 (1994) 26-35. 

[5] C. Cardon- Weber & A. Millet, A support theorem for a generalized Burgers equation, Potential 
Analysis 15 (2001), 361-408. 

[6] I. Chueshov & A. Millet, Stochastic 2D hydrodynamical type systems: Well posedness and large 
deviations. Preprint laxXiv:0807.1810V 2, 11 Jul 2008; 25 Nov 2008. 

[7] P. Constantin & C. Foias, Navier-Stokes Equations, U. of Chicago Press, Chicago, 1988. 

[8] G. Da Prato & J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, 
1992. 

[9] J. Duan & A. Millet, Large deviations for the Boussinesq equations under random influences, Stoch. 

Proc. and Appl. 119-6 (2009), 2052-2081. 
[10] B. Ferrario, The Bernard Problem with random perturbations: Dissipativity and invariant measures. 

Nonlinear Differential Equations and Applications (NoDEA) 4 (1997), 101-121. 
[11] F. Flandoli & D. Gatarek, Martingale and stationary solutions for stochastic Navier-Stokes equations, 

Probab. Theory Related Fields 102 (1995) 367-391. 
[12] J. Leray, Essai sur le mouvement d'un fluide visqueux emplissant l'espace, Acta Math. 63 (1934), 

193-248. 

[13] V. Mackevicius, On the Support of the Solution of Stochastic Differential Equations, Livetuvos Matem- 

atikow Rinkings XXXVI (1) (1986), 91-98. 
[14] A Millet & M. Sanz-Sole, The support of the solution to a hyperbolic SPDE, Probability Theory and 

Related Fields 98 (1994), 361-387 
[15] A Millet & M. Sanz-Sole, A simple proof of the support theorem for diffusion processes, Seminaire de 

Probability XXVIII, Lecture Notes in Mathematics 1583, 36-48, 1994. 
[16] T. Nakayama, Support Theorem for Mild Solutions of SDE's in Hilbert Spaces, J. Math. Sci. Univ. 

Tokyo 11 (2004), 245-311. 

[17] J.L. Menaldi & S.S. Sritharan, Stochastic 2-D Navier-Stokes equation, Appl. Math. Optim. 46 (2002), 
31-53. 

[18] D. W. Stroock & S.R.S. Varadhan, On the Support of Diffusion Processes with Applications to the 
Strong Maximum Principle, Proc. of Sixth Berkeley Sym. Math. Stat. Prob. Ill, Univ. California 
Press, Berkeley, 333-359, 1972. 

[19] H. Triebel, Interpolation Theory, Functional Spaces and Differential Operators, North Holland, Ams- 
terdam, 1978. 

[20] K. Twardowska, An approximation theorem of Wong-Zakai type for stochastic Navier-Stokes equa- 
tions, Rend. Sem. Mat. Univ. Padova 96 (1996), 15-36. 

[21] K. Twardowska, On support theorems for stochastic nonlinear partial differential equations. In: 
Stochastic differential and difference equations (Gyor, 1996), Progr. Systems Control Theory 23, 
Birkhauser, Boston, 1997, p.309-317. 



36 



I. CHUESHOV AND A. MILLET 



[22] M. I. Vishik, A. I. Komech & A. V. Fursikov, Some mathematical problems of statistical hydrome- 
chanics, Russ. Math. Surv. 34(5) (1979), 149-234. 

(I. Chueshov) Department of Mechanics and Mathematics, Kharkov National University, 
4 Svobody Square, 61077, Kharkov, Ukraine 

E-mail address, I. Chueshov: chueshov@univer.kharkov.ua 

(A. Millet) SAMOS-MATISSE, Centre d'Economie de la Sorbonne (UMR 8174), Universite 
Paris 1, Centre Pierre Mendes France, 90 rue de Tolbiac, F- 75634 Paris Cedex 13, France 
and Laboratoire de Probabilities et Modeles Aleatoires (UMR 7599), Universites Paris 6- 
Paris 7, Boite Courrier 188, 4 place Jussieu, 75252 Paris Cedex 05, France 

E-mail address, A. Millet: amillet@univ-parisl.fr and annie.millet@upmc.fr 



